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Abstract. In this study, we establish an inclusive paradigm for the homogenization of scalar wave
motion in periodic media (including the source term) at finite frequencies and wavenumbers spanning
the first Brillouin zone. We take the eigenvalue problem for the unit cell of periodicity as a point
of departure, and we consider the projection of germane Bloch wave function onto a suitable eigen-
function as descriptor of effective wave motion. For generality the finite wavenumber, finite frequency
(FW-FF) homogenization is pursued in Rd via second-order asymptotic expansion about the apexes
of “wavenumber quadrants” comprising the first Brillouin zone, at frequencies near given (acoustic
or optical) dispersion branch. We also consider the junctures of dispersion branches and “dense”
clusters thereof, where the asymptotic analysis reveals several distinct regimes driven by the parity
and symmetries of the germane eigenfunction basis. In the case of junctures, one of these asymp-
totic regimes is shown to describe the so-called Dirac points, that are relevant to the phenomenon of
topological insulation. On the other hand, the effective model for nearby solution branches is found
to invariably entail a Dirac-like system of equations that describes the interacting dispersion surfaces
as “blunted cones”. For all cases considered, the effective description turns out to admit the same
general framework, with differences largely being limited to (i) the eigenfunction basis, (ii) the ref-
erence cell of medium periodicity, and (iii) the wavenumber-frequency scaling law underpinning the
asymptotic expansion. We illustrate the analytical developments by several examples, including the
Green’s function near the edge of a band gap and clusters of nearby dispersion surfaces.
1. Introduction
Effective i.e. “macroscopic” description of wave motion in periodic media is a subject of mounting
interest in science and engineering for its potential to reduce the computational effort and help
physical intuition when tackling problems related to e.g. cloaking, sub-wavelength imaging, and
vibration control [3,6]. Naturally, such an idea raises the fundamental question of the field equation
governing the effective quantities. One keen approach to the macroscopic wave description in periodic
media is the Willis’ concept of effective constitutive relationships [20–23, 25, 33]. Another school of
thought is the two-scale framework [26] that has been pursued in the mathematics literature for a
long time.
The effective description of wave motion in the long-wavelength, low-frequency (LW-LF) regime
is nowadays largely understood. Recent efforts on this front are focused on enriched dispersive
models that transcend the usual quasi-static approximation. In this vein, higher-order asymptotic
models of the LW-LF motion are often sought via either the Floquet-Bloch analysis or the two-scale
homogenization approach [1, 8, 14, 20, 27] to describe incipient wave dispersion within the first, i.e.
acoustic pass band.
Unfortunately some the more intriguing wave phenomena in periodic media, such those of negative
refraction [34] and topologically protected states [18], occur at finite frequencies that are beyond
the reach of the LW-LF asymptotic approximations [1, 8, 20, 27]. Further, several authors have
argued from the platform of Willis’ dynamic homogenization that the customary concept of “mean
motion” (computed by averaging over the unit cell) is not suitable as a macroscopic descriptor at
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finite frequencies [23, 24, 29]. This in particular motivates studies in the low-wavenumber, finite-
frequency (LW-FF) regime with the goal of unmasking the effective wave motion and establishing its
governing equation. From a broader perspective, early ideas of homogenization at finite frequencies
can be found in the asymptotic analysis [26] of the wave equation with initial data. The leading-
order, two-scale homogenization in the LW-FF regime has been particularly considered in more
recent studies [5,9,13] dealing with time-harmonic waves, which exposed the internal resonances of a
periodic system as the lynchpin of macroscopic description. To shed further light on the problem, we
adopt the framework of plane-wave expansion and pursue second-order homogenization of the time-
harmonic wave equation in the LW-FF regime via a generalized definition of effective wave motion,
given by the projection onto a specific (highly oscillating) Bloch eigenfunction. Such mapping in
particular separates the macroscopic and microscopic field fluctuations at finite frequencies, allowing
for a systematic asymptotic formulation of the enriched governing equation in Rd. The analysis
demonstrates that the leading correction of the effective differential operator is O(2),  being the
perturbation parameter. In contrast, the effective source term is found to undergo an O() correction,
which is directly relevant to the development of homogenized Green’s functions for periodic media.
Inspired by the idea of multi-cell homogenization [9,16,30], we next extend our analysis to the finite-
wavenumber, finite-frequency (FW-FF) regime via expansion about the apexes of “wavenumber
quadrants” comprising the first Brillouin zone. We also consider (to the leading order) the junctures
of dispersion branches with arbitrary multiplicity – relevant to the phenomenon of topologically
protected edge states [18], where the effective description is found to depend on the parity and
symmetries of the eigenfunction basis affiliated with a repeated eigenvalue. For completeness the
latter analysis is generalized to describe the clusters of nearby solution branches, including part
junctures, where the governing model is found to entail a system of Dirac-like equations – which
paints the local geometry of nearby dispersion surfaces as “blunted cones”.
All effective descriptions in this work are shown to admit the same general framework, with differ-
ences being limited to (a) the Bloch eigenfunction basis, (b) the reference cell of medium periodicity,
and (c) the wavenumber-frequency scaling law behind the asymptotic expansion. Consistent with
the recent LW-LF analysis [20] we find that the effective FW-FF source terms are, at higher or-
ders of approximation, endowed with respective correction factors – polynomials in frequency and
wavenumber – that account for the interplay between the source density and periodic medium. As
an illustration, we apply our analysis toward exposing the effective wave motion in polyatomic chains
and chessboard-like continua. This includes an improved asymptotic model for the Green’s function
near the edge of a band gap [11,15] – that highlights the importance of source correction, and effective
approximation of closely spaced dispersion surfaces.
From a broader vantage point this work can be viewed as an extension of the k·p method, e.g. [7],
that (i) considers the wave motion with a source term; (ii) exposes the leading-order corrections of
both effective differential operator and effective source density, and (iii) sheds further light on the
interaction of nearby band structures. As to the latter problem, we likewise refer the reader to the
theory of invariants, e.g. [4], that makes use of symmetry groups toward a qualitative description of
merging or nearby dispersion surfaces.
2. Preliminaries
With reference to a Cartesian coordinate system endowed with an orthonormal vector basis ej (j=
1, d), consider the time-harmonic wave equation
− ω2ρ(x)u−∇·(G(x)∇u) = f(x) in Rd (1)
at frequency ω, where G and ρ are Y -periodic;
Y = {x : 0 < x·ej < `j; j = 1, d}, |Y | = 1 (2)
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is the unit cell of periodicity, and f is the source term. In what follows, G and ρ are assumed to
be real-valued L∞(Y ) functions bounded away from zero. When d=2, one may interpret (1) in the
context of anti-plane shear (elastic) waves, in which case u,G, ρ and f take respectively the roles of
transverse displacement, shear modulus, mass density, and body force.
Recalling the plane wave expansion approach [23, 25], we seek the Bloch-wave solutions of (1),
namely
u(x) = u˜(x)eik·x, u˜ : Y -periodic (3)
where u˜ depends implicitly on k ∈ Rd and ω ∈ R – which are hereon assumed to be fixed. If the
source term is conveniently taken in the form of a plane wave, namely f(x) = f˜ eik·x where f˜ is a
constant, (1) reduces to
−ω2ρ(x)u˜−∇k ·
(
G(x)∇ku˜
)
= f˜ in Y, (4)
u˜|xj=0 = u˜|xj=`j
ν ·G∇ku˜|xj=0 = −ν ·G∇ku˜|xj=`j
, j = 1, d (5)
where ∇k = ∇+ ik, xj = x·ej, and ν is the unit outward normal on ∂Y .
Remark 1. In the sequel, we implicitly assume that j = 1, d unless stated otherwise.
2.1. Eigensystem representation. In what follows, we make use of the periodic function spaces
L2ρ(Y ) = {g ∈ L2(Y ) : (g, ρg) <∞, g|xj=0 = g|xj=`j},
H1p (Y ) = {g ∈ L2(Y ) : ∇g ∈ (L2(Y ))d, g|xj=0 = g|xj=`j},
where (g, h) is the usual inner product for g, h ∈ L2(Y ). To facilitate the treatment of vector- and
tensor-valued functions, we shall also write
(g,h) =
∫
Y
g(x) : h¯(x) dx, g ∈ (L2(Y ))dq , h ∈ (L2(Y ))dr , q, r > 0 (6)
where “:” denotes the usual product, the inner product, and the min(q, r)-tuple tensor contraction
when q = r = 0, q = r = 1, and max(q, r) > 1, respectively.
To cater for the asymptotic treatment of (4), let w˜ ∈ H1p (Y ) solve
−ω2ρ(x)w˜(x)−∇k ·(G(x)∇kw˜) = 1 in Y, (7)
ν ·G∇kw˜|xj=0 = −ν ·G∇kw˜|xj=`j . (8)
Hereon we denote by I the second-order identity tensor and, assuming Einstein summation notation,
we let ∇kg = ej ⊗ ∂g/∂xj + ik ⊗ g for any vector or tensor field g.
2.1.1. Eigensystem for the unit cell of periodicity. From the variational formulation we find that
(−∇k ·(G(x)∇k))−1, as an operator from L2ρ(Y ) to itself with the range in H1p (Y ) subject to relevant
boundary conditions, is a compact self-adjoint operator [26]. Hence for each k there exists an
eigensystem {φ˜m(k) ∈ H1p (Y ), λ˜m(k) ∈ R}, conveniently normalized so that ‖φ˜m‖L2(Y ) = 1, that
solves
−∇k ·
(
G(x)∇kφ˜m
)
= λ˜mρ φ˜m in Y, (9)
ν ·G∇kφ˜m|xj=0 = −ν ·G∇kφ˜m|xj=`j (10)
where {φ˜m} are complete and orthogonal in L2ρ(Y ), namely
(ρφ˜m, φ˜n) = δmn(ρφ˜n, φ˜n) (no summation). (11)
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With such definitions, the variational statement of (4)–(5) reads
−ω2
∫
Y
ρ(x)u˜(x)φ˜m(x) dx −
∫
Y
u˜(x)∇k ·
(
G(x)∇kφ˜m(x)
)
dx =
∫
Y
f˜ φ˜m(x) dx. (12)
By the completeness of {φ˜m} in L2ρ(Y ), every u˜ ∈ L2ρ(Y ) can be written as
u˜(x) = f˜ w˜(x) = f˜
∞∑
m=1
α˜mφ˜m(x), (13)
where α˜m are constants. Thanks to (12) and the orthogonality of {φ˜m} in L2ρ(Y ), we have
α˜m =
(1, φ˜m)
(ρφ˜m, φ˜m)
1
λ˜m− ω2
when ω2 6= λ˜m, m > 1. (14)
2.2. Effective wave motion. Let B 3 0 denote the first Brillouin zone, i.e. the counterpart of Y in
the Fourier k-space containing the origin. With such definition, we concern ourselves with an effective
description of the wave motion for k ∈ B. In the context of the Bloch wave equation (4), this is
traditionally done by restricting (k, ω) to some neighborhood of the first dispersion branch (k ∈
B, ω = λ˜1/21 (k)) and seeking the effective wave motion as 〈u˜〉 = (u˜, 1), i.e. the Y -average of u˜ [25]
(recall that |Y |= 1). If further a low-wavenumber, low-frequency (LW-LF) asymptotic model of the
problem is sought, the effective i.e. homogenized field 〈u˜〉 is expanded about (k = 0, ω = 0) [20].
Motivated by several recent developments [5,9,13,17], we instead focus our efforts on formulating
a comprehensive asymptotic framework toward low-wavenumber, finite-frequency (LW-FF) approx-
imation of (4) that poses no upper limit on ω. When the effective behavior near the origin of B
is sought, this in particular suggests an expansion about (k = 0, ω = λ˜
1/2
n (0)) for some n > 1. On
recalling that in fact (u˜, 1) = (u˜, φ˜1(0)), one may intuitively generalize upon the LW-LF definition
of effective wave motion as
〈u˜〉 = (u˜, φ˜◦n), φ˜◦n = φ˜n(0), n > 1 (15)
to facilitate the homogenization at finite frequencies, see [9] for example. In Section 3 we assume that
the eigenvalue λ˜n(0) is simple, and we use (15) as the basis for developing a second-order, LW-FF
effective model of wave motion near k = 0. In Section 4 and Section 5, we extend the analysis to
allow for finite-wavenumber, finite-frequency (FW-FF) expansion about the “corners” ka of B, and
situations when the eigenvalue λ˜n(k
a) is repeated, respectively.
With reference to (15), we introduce the auxiliary “zero-mean” function space
H1p0(Y ) = {g ∈ H1p (Y ) : 〈g〉 = 0}, (16)
where the choice of n > 1 is implicit in the definition of 〈·〉.
Lemma 1. Let u˜ solve (4)–(5) where f˜ is a constant. Provided that ω2 6= λm ∀m, we have
u˜ = f˜ w˜ and 〈u˜〉 = f˜ 〈w˜〉.
3. LW-FF approximation near the origin of the first Brillouin zone
In principle, either the two-scale homogenization approach [31] or the asymptotically-expanded
Willis’ model [20] can be used to approximate the mean motion in a neighborhood of the acous-
tic branch, ω = λ˜
1/2
1 (k), at long wavelengths where ‖k‖  |Y |−1/d. With reference to the scalar wave
equation (1), we seek the long-wavelength description of the effective field 〈u〉 in a neighborhood
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of the nth branch, ω = λ˜
1/2
n (k), for n> 1. Accordingly, we describe the featured long-wavelength,
finite-frequency (LW-FF) regime via scalings
k = kˆ, ω2 = λ˜◦n + 
2σωˆ2, λ˜◦n = λ˜n(0),  = o(1), σ = ±1 (17)
where λ˜◦n > 0 is such that
−∇·(G∇φ˜◦n) = λ˜◦nρφ˜◦n in Y, (18)
ν ·G∇φ˜◦n|xj=0 = −ν ·G∇φ˜◦n|xj=`j , (19)
and φ˜◦n∈H1p (Y ) are orthogonal in L2ρ(Y ). For the time being, we assume that λ˜◦n to be simple.
Remark 2. Concerning the frequency scaling in (17), for n > 1 we have ω = ω◦n + 
2σωˆ2/(2ω◦n) +
O(4), where ω◦n = (λ˜
◦
n)
1/2. This is motivated by the observation that optical branches have zero
initial slope, dω/dk = 0, at k = 0 when λ˜◦n is simple [26], see also [9] for the mathematical analysis
in R2. When f˜ = 0 in (4), the sign factor σ in (17) accordingly accounts for the possibility that the
initial curvature of a given optical branch can be either positive or negative. When f˜ 6= 0, on the
other hand, the pair (k, ω) is given a priori (say in a neighborhood of the nth branch) and we take
σ = sign(ω − ω◦n).
Lemma 2. The solution of (18)–(19) is characterized by arg(φ˜◦n(x)) = const. for x ∈ Y . Ac-
cordingly we can take φ˜◦n(x) to be real-valued without loss of generality. See Appendix A (electronic
supplementary material) for proof.
3.1. Asymptotic expansion at finite frequency. On recalling (7)–(8) and assuming the LW-FF
regime (17), we find that w˜ ∈ H1p (Y ) solves
−(λ˜◦n+2σωˆ2)ρw˜ −
(∇+ikˆ)·(G(∇+ikˆ)w˜) = 1 in Y, (20)
ν ·G(∇+ikˆ)w˜|xj=0 = −ν ·G(∇+ikˆ)w˜|xj=`j . (21)
Consider next the asymptotic expansion
w˜(x) = −2w˜0(x) + −1w˜1(x) + w˜2(x) + w˜3(x) + · · · , (22)
by which (20)–(21) become a series in . In what follows, the differential equations satisfied by w˜m
in Y (m > 0) are subject to implicit periodic boundary conditions
w˜m|xj=0 = w˜m|xj=`j ,
ν ·G(∇w˜m + ikˆw˜m−1)|xj=0 = −ν ·G(∇w˜m + ikˆw˜m−1)|xj=`j ,
(23)
where w˜−1 ≡ 0.
In the sequel, we conveniently denote by wm the respective constants of integration when solving
for w˜m(x). With reference to (15) and (22), we specifically seek wm as
wm = 〈w˜m〉 = (w˜m, φ˜◦n), m > 0 (24)
so that
〈w˜〉 = −2w0 + −1w1 + w2 + w3 + · · · . (25)
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3.1.1. Leading-order approximation. The O(−2) contribution stemming from (20) and (22) reads
−λ˜◦nρw˜0 −∇·
(
G∇w˜0
)
= 0 in Y. (26)
By virtue of (18)–(19) and (23) with m = 0, we have
w˜0(x) = w0 φ˜
◦
n(x), (27)
where w0 is a constant to be determined. By the earlier premise that ‖φ˜◦n‖ = 1, one immediately
finds 〈w˜0〉 = w0 as postulated by (24).
Similarly, the O(−1) equality can be identified as
−λ˜◦nρw˜1 −∇·
(
G(∇w˜1 + ikˆw˜0)
)− ikˆ ·(G∇w˜0) = 0 in Y. (28)
This equation is solved by
w˜1(x) = w0χ
(1)(x)· ikˆ + w1 φ˜◦n(x) (29)
where w1 is a constant, and χ
(1)∈ (H1p0(Y ))d is a unique vector that satisfies
λ˜◦nρχ
(1) +∇·(G(∇χ(1)+ Iφ˜◦n))+G∇φ˜◦n = 0 in Y, (30)
ν ·G(∇χ(1)+ Iφ˜◦n)|xj=0 = −ν ·G(∇χ(1)+ Iφ˜◦n)|xj=`j .
Note that (30) is solvable since one can show that ∇·(GIφ˜◦n)+G∇φ˜◦n is orthogonal to φ˜◦n. In a similar
fashion, the solvability condition can be demonstrated to hold for all subsequent cell problems and
will not be discussed hereon. We also remark that the above expressions for w˜0 and w˜1 are branch-
generic, including the case of the acoustic branch (n = 1) where λ˜◦1 = 0 and φ˜
◦
1 = 1, see [20, 31] for
example.
Lemma 3. Cell function χ(1) is real-valued. See Appendix A, electronic supplementary material, for
proof.
Proceeding with the cascade of differential equations, the O(1) equation reads
−λ˜◦nρw˜2 −∇·
(
G(∇w˜2 + ikˆw˜1)
)− ikˆ·(G(∇w˜1 + ikˆw˜0))− σωˆ2ρw˜0 = 1 in Y. (31)
To help expose the behavior of w0, we next evaluate the inner product of (31) with φ˜
◦
n, i.e.(− λ˜◦nρw˜2 −∇·(G(∇w˜2+ ikˆw˜1)), φ˜◦n) = (ikˆ·(G(∇w˜1+ ikˆw˜0)), φ˜◦n)+ σωˆ2〈ρφ˜◦n〉w0 + 〈1〉. (32)
On deploying repeated integration by parts and recalling (18), the second term on the left-hand side
of (32) is computed as
− (∇·(G(∇w˜2 + ikˆw˜1)), φ˜◦n) = (G(∇w˜2 + ikˆw˜1),∇φ˜◦n)
= −(w˜2,∇·(G(∇φ˜◦n))+ (ikˆGw˜1 ,∇φ˜◦n) = (w˜2, λ˜◦nρφ˜◦n)+ (ikˆGw˜1 ,∇φ˜◦n). (33)
By (29) and (33), the left-hand side of (32) becomes(
ikˆGw˜1,∇φ˜◦n
)
= w0
(
Gχ(1) ⊗∇φ˜◦n, 1
)
: (ikˆ)2 + w1
(
ikˆGφ˜◦n,∇φ˜◦n
)
,
while its right-hand side reads
w0
(
G∇χ(1), φ˜◦n
)
: (ikˆ)2 + w1
(
ikˆ·(G∇φ˜◦n), φ˜◦n
)
+ w0
(
Gφ˜◦nI, φ˜
◦
n
)
: (ikˆ)2 + σωˆ2〈ρφ˜◦n〉w0 + 〈1〉.
From the last two results and the fact that φ˜◦n is real-valued, we find that w0 solves
− (µ(0) : (ikˆ)2 + σρ(0) ωˆ2)w0 = 〈1〉, (34)
where the effective coefficients
ρ(0) = 〈ρφ˜◦n〉, µ(0) =
〈
G{∇χ(1) + Iφ˜◦n}
〉 − (G{χ(1) ⊗∇φ˜◦n}, 1) (35)
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are real-valued thanks to Lemma 2 and Lemma 3. In (35) and hereafter, {·} denotes tensor averaging
over all index permutations; in particular for an nth-order tensor τ , one has
{τ}j1,j2,...jn =
1
n!
∑
(l1,l2,...ln)∈P
τ l1,l2,...ln , j1, j2, . . . jn ∈ 1, d
where P denotes the set of all permutations of (j1, j2, . . . jn). Such averaged expression for µ
(0) is
due to the structure of µ(0) : (ikˆ)2, which is invariant with respect to the index permutation of µ(0).
Later on, we will also make use of the partial symmetrization
{τ}′j1,j2,...jn =
1
(n−1)!
∑
(l2,...ln)∈Q
τ j1,l2,...ln , j1, j2, . . . jn ∈ 1, d
where Q denotes the set of all permutations of (j2, j3, . . . jn). Note that assuming the acoustic branch
(φ˜◦1 = 1) in (35), one recovers the well-known result ρ
(0) = 〈ρ〉 and µ(0) = 〈G{∇χ(1) + I}〉.
Remark 3. With reference to Lemma 1, we first recall that (34) caters for an effective description
of (4) with f˜ 6= 0. In this case, we assume that µ(0) : (ikˆ)2 +σρ(0) ωˆ2 6= 0 so that (34) has a solution.
By way of (22) and (27), the leading LW-FF approximation of the Bloch wave function u˜ in (3)
can thus be written as u˜0 = 
−2f˜ w˜0 = −2f˜w0 φ˜◦n. Following the recent argument by Willis [34], we
find that the mean (total) energy density of a Bloch wave (3) – averaged in space over Y and time
over 2pi/ω – is given by E¯ = 1
2
ω2(ρu, u) = 1
2
ω2(ρu˜, u˜). Its leading LW-FF approximation thus reads
E¯0 =
1
2
ω2(ρu˜0, u˜0) = 
−4 1
2
ρ(0)ω2|f˜w0|2, which lends further credence to (34) as an effective descriptor
of wave motion.
Remark 4. Considering the free Bloch waves solving (4) with f˜ = 0, from (34) we directly obtain the
leading LW-FF approximation of the nth dispersion branch, ω(k) = ω◦n + 
2σωˆ2(kˆ)/(2ω◦n), by solving
the primal problem
µ(0) : (ikˆ)2 + σρ(0) ωˆ2 = 0. (36)
To obtain a real-valued root for ωˆ, one must take σ = sign(µ(0)), where sign(·) ∈ {−1, 1} reflects
the sign definiteness of its argument.
3.1.2. First-order corrector. Let χ(2) ∈ (H1p0(Y ))d×d be the unique second-order tensor solving
λ˜◦nρχ
(2) +∇·(G(∇χ(2) + {I ⊗ χ(1)}′))+G{∇χ(1) + Iφ˜◦n} − ρρ(0)µ(0)φ˜◦n = 0 in Y, (37)
ν ·G(∇χ(2) + {I ⊗ χ(1)}′)|xj=0 = −ν ·G(∇χ(2) + {I ⊗ χ(1)}′)|xj=`j ,
and let η(0) ∈ H1p0(Y ) be the unique function satisfying
λ˜◦nρη
(0) +∇·(G∇η(0))− ρ
ρ(0)
〈1〉φ˜◦n + 1 = 0 in Y, (38)
ν ·G∇η(0)|xj=0 = −ν ·G∇η(0)|xj=`j .
With such definitions, one can show that (31) is solved by
w˜2(x) = w0χ
(2)(x) : (ikˆ)2 + w1χ
(1)(x) · ikˆ + w2 φ˜◦n(x) + η(0)(x). (39)
Lemma 4. The following identity holds
〈G∇η(0)〉 − (Gη(0),∇φ˜◦n) =
〈1〉
ρ(0)
ρ(1) − (χ(1), 1).
See Appendix A, electronic supplementary material, for proof.
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Proceeding with the asymptotic analysis, the O() statement stemming from (20) is found as
−λ˜◦nρw˜3 −∇·
(
G(∇w˜3 + ikˆw˜2)
)− ikˆ·(G(∇w˜2 + ikˆw˜1))− σωˆ2ρw˜1 = 0 in Y. (40)
To help compute w1, we next evaluate the inner product of (40) with φ˜
◦
n, namely(− λ˜◦nρw˜3 −∇·(G(∇w˜3+ ikˆw˜2)), φ˜◦n) = (ikˆ·(G(∇w˜2+ ikˆw˜1)), φ˜◦n)+ σωˆ2〈ρw˜1〉. (41)
Integrating (41) by parts twice and making use of (27), (29), (39) and Lemma 4, we obtain the
governing equation for w1 as
−(µ(0) : (ikˆ)2 + σρ(0) ωˆ2)w1 − (µ(1) : (ikˆ)3 + σρ(1)·ikˆ ωˆ2)w0 = ( 〈1〉
ρ(0)
ρ(1) − (χ(1), 1)
)
· ikˆ (42)
where
ρ(1) = 〈ρχ(1)〉, µ(1) = 〈G{∇χ(2) + I⊗χ(1)}〉− (G{χ(2) ⊗∇φ˜◦n}, 1). (43)
Remark 5. Thanks to the fact that χ(1) is real-valued, one can show by following the proof of
Lemma 3 that χ(2) is real-valued as well. As a result, ρ(1) ∈ Rd and µ(1) ∈ Rd×d×d.
Lemma 5. The homogenization coefficients in (43) satisfy the identity
ρ(0)µ(1) = {ρ(1)⊗ µ(0)}, (44)
which reduces (42) to
−(µ(0) : (ikˆ)2 + σρ(0) ωˆ2)w1 = −(χ(1), 1) · ikˆ. (45)
See Appendix A (electronic supplementary material) for proof.
3.1.3. Second-order corrector. Let χ(3) ∈ (H1p0(Y ))d×d×d be the unique “zero-mean” third-order ten-
sor solving
λ˜◦nρχ
(3) +∇·(G(∇χ(3) + {I ⊗ χ(2)}′))+G{∇χ(2)+ I ⊗ χ(1)} − ρ
ρ(0)
{µ(0)⊗ χ(1)} = 0 in Y, (46)
ν ·G(∇χ(3) + {I ⊗ χ(2)}′)|xj=0 = −ν ·G(∇χ(3) + {I ⊗ χ(2)}′)|xj=`j ,
and let η(1) ∈ (H1p0(Y ))d be the unique “zero-mean” vector given by
λ˜◦nρη
(1) +∇·(G(∇η(1) + Iη(0)))+G∇η(0) + ρ
ρ(0)
(
(χ(1), 1)φ˜◦n − 〈1〉χ(1)
)
= 0 in Y, (47)
ν ·G(∇η(1) + Iη(0))|xj=0 = −ν ·G(∇η(1) + Iη(0))|xj=`j .
By virtue of (46) and (47), (40) is solved by
w˜3(x) = w0χ
(3)(x) : (ikˆ)3 + w1χ
(2)(x) : (ikˆ)2 + w2χ
(1)(x) · ikˆ + w3 φ˜◦n(x) + η(1)(x) · ikˆ. (48)
To compute w2, we next recall the O(
2) contribution to (20), i.e.
−λ˜◦nρw˜4 −∇·
(
G(∇w˜4 + ikˆw˜3)
)− ikˆ·(G(∇w˜3 + ikˆw˜2))− σωˆ2ρw˜2 = 0 in Y. (49)
Averaging this result in the sense of (15) yields the equation for constant w2 as
− (µ(0) : (ikˆ)2 + σρ(0) ωˆ2)w2 − (µ(2) : (ikˆ)4 + σρ(2) : (ikˆ)2ωˆ2)w0 = σ〈ρη(0)〉ωˆ2
+
(〈
G{∇η(1)+ Iη(0)}〉− (G{η(1)⊗∇φ˜◦n}, 1)+ 1ρ(0){ρ(1)⊗ (χ(1), 1)}) : (ikˆ)2, (50)
where
ρ(2) = 〈ρχ(2)〉, µ(2) = 〈G{∇χ(3) + I⊗χ(2)}〉− (G{χ(3) ⊗∇φ˜◦n}, 1). (51)
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Remark 6. In line with earlier arguments, we find that χ(3) : Y → Rd×d×d, η(0) : Y → R, η(1) : Y →
Rd, ρ(2) ∈ Rd×d, and µ(2) ∈ Rd×d×d×d.
Theorem 1. Consider the effective wave motion 〈u˜〉 in the sense of (15), where the Bloch wave
function u˜ solves (4) with f˜ 6= 0. Assuming that the eigenvalue λ˜◦n (n > 1) in (18) has multiplicity
one, the second-order LW-FF approximation of 〈u˜〉 in a neighborhood (17) of (0, ω◦n) satisfies
− (µ(0) : (ikˆ)2 + σρ(0) ωˆ2)〈u˜〉 − 2(µ(2) : (ikˆ)4 + σρ(2) : (ikˆ)2ωˆ2)〈u˜〉 = −2f˜M(kˆ, ωˆ), (52)
where “

=” signifies equality with an O() residual, and
M(kˆ, ωˆ) = 〈1〉 −  (χ(1), 1) · ikˆ + 2σ〈ρη(0)〉ωˆ2
+ 2
(〈
G{∇η(1)+ Iη(0)}〉− (G{η(1)⊗∇φ˜◦n}, 1)+ 1ρ(0){ρ(1)⊗ (χ(1), 1)}) : (ikˆ)2. (53)
When considering the propagation of free waves (f˜ = 0), on the other hand, the second-order LW-FF
approximation of the nth dispersion branch reads
σωˆ2
3
=
µ(0) : kˆ
2 − 2µ(2) : kˆ4
ρ(0) − 2ρ(2) : kˆ2
, n > 1. (54)
Proof. From Lemma 1 and (25), we see that 〈u˜〉 = f˜(−2w0 + −1w1 +w2) +O(). On computing the
weighed sum f˜(−2(34) + −1(45) + (50)), we recover (52) and thus (54). 
4. FW-FF approximation near “corners” of the first Brillouin zone
In what follows, we focus our attention on obtaining an effective description of wave motion inside the
first “quadrant” of the first Brillouin zone, B = {(k : |kj| < pi/`j}, namely B+ = {k : 0 < kj < pi/`j}.
The asymptotic treatment of B\B+, as needed, can be performed in an analogous way.
4.1. Eigenfunction basis. With reference to (2), consider the apexes of B+ given by
ka =
d∑
j=1
aj
pi
`j
ej, a = (a1, a2, . . . ad), aj ∈ {0, 1}, (55)
where ej is the unit vector in the jth coordinate direction. At each such vertex, eigenfunction
φ˜an ∈ H1p (Y ) corresponding to the nth solution branch satisfies
−(∇+ika)·(G(∇+ika)φ˜an) = λ˜anρ φ˜an in Y, (56)
ν ·G(∇+ika)φ˜an|xj=0 = −ν ·G(∇+ika)φ˜an|xj=`j . (57)
Letting
φ˜an(x) = ϕ˜
a
n(x)e
−ika·x in Y, (58)
we find that
−∇·(G∇ϕ˜an) = λ˜anρ ϕ˜an in Y,
ϕ˜an|xj=0 = (−1)aj ϕ˜an|xj=`j ,
ν ·G∇ϕ˜an|xj=0 = (−1)1+ajν ·G∇ϕ˜an|xj=`j ,
(59)
which demonstrates that ϕ˜an is Y -“anti-periodic” (resp. Y -periodic) in the jth coordinate direction
when aj = 1 (resp. aj = 0). Motivated by the multi-field continuum theory for two-dimensional
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crystal lattices [30], we next introduce the multi-cell domains
Ya = {x : 0 < x·ej < (1+aj)`j}, |Ya| =
d∏
j=1
(1 + aj), (60)
and we extend the domain of ϕ˜an to Ya as
∀x′∈ Y, ∀T ⊆ {1, 2, . . . d} =⇒ ϕ˜an(x) = (−1)
∑
j∈T aj ϕ˜an(x
′), x = x′ +
∑
j∈T
aj`jej ∈ Ya.
With such mapping, from (59) we find that ϕ˜an ∈ H1p (Ya) satisfy
−∇·(G∇ϕ˜an) = λ˜anρ ϕ˜an in Ya, (61)
ajϕ˜
a
n|xj=0 = −ajϕ˜an|xj=`j ,
ν ·G∇ϕ˜an|xj=0 = −ν ·G∇ϕ˜an|xj=(1+aj)`j ,
(62)
where ν is the unit outward normal on ∂Ya. For clarity, domains Ya are illustrated in Fig. 1(a) for
d = 2. We note by recalling (58) and the normalization of φ˜n that (φ˜
a
n, φ˜
a
n) = (ϕ˜
a
n, ϕ˜
a
n) = 1. By virtue
of this result and (11), we find ϕ˜an to satisfy
(ϕ˜an, ϕ˜
a
n)Ya = |Ya|, (ρϕ˜m, ϕ˜n)Ya = δmn(ρϕ˜n, ϕ˜n)Ya (no summation). (63)
where (·, ·)Ya denotes the inner product (6) over Ya.
a = (1, 0)
a = (1, 1)a = (0, 1)
k1
k2
Y a Y a
Y aY a
⇡/`1
⇡/`2
(a) (b)
k
!
band gap
driving 
frequency O(✏2)
and we let ⌘(1) 2  H1ap0 (Ya) d be the unique zero-mean vector given by
 ˜an⇢⌘
(1) +r· G(r⌘(1)+ I⌘(0)) +Gr⌘(0) + ⇢
⇢(0)
 
(eik
a·x (1), 1)Ya '˜
a
n   heik
a·xi'a (1)
 
= 0 in Ya, (114)
⌫ ·G(r⌘(1) + I⌘(0))|xj=0 =  ⌫ ·G(r⌘(1) + I⌘(0))|xj=(1+aj)`j , j = 1, d.
With such definitions, we find that
   µ(0) : (ikˆ)2 +  ⇢(0) !ˆ2 w2    µ( ) : (ikˆ)4 +  ⇢(2) : (ikˆ)2!ˆ2 w0 =  h⇢⌘(0)i'a !ˆ2
+
⇣⌦
G{r⌘(1)+ I⌘(0)}↵'
a
   G{⌘(1)⌦r'˜an}, 1 Ya + 1⇢(0) ⇢(1)⌦ (eika·x (1), 1)Ya ⌘ : (ikˆ)2, (115)
where
⇢(2) = h⇢ (2)i'a, µ(2) =
⌦
G{r (3) + I⌦ (2)}↵'
a
   G{ (3) ⌦r'˜an}, 1 Ya . (116)
Theorem 2. Assume that the Bloch wave function u˜ solves (4) with f˜ 6= 0, and consider the e↵ective wave
motion hu˜ia in the sense of (88) near apex ka of the first “quadrant” of the first Brioullin zone B+ according
to (77). Assuming that the eigenvalue  ˜an (n > 1) solving (84)–(86) has multiplicity one, the second-order
FW-FF approximation of hu˜ia in a neighborhood (91) of (ka,!an) satisfies
  µ(0) : (ikˆ)2 +  ⇢(0) !ˆ2 hu˜ia   ✏2 µ(2) : (ikˆ)4 +  ⇢(2) : (ikˆ)2!ˆ2 hu˜ia ✏= ✏ 2f˜M(kˆ, !ˆ), (117)
where “
✏
=” signifies equality with an O(✏) residual; the coe cients of homogenization ⇢(0)2 R, µ(0)2 Rd⇥d, ⇢(2)2
Rd⇥d and µ(2)2 Rd⇥d⇥d⇥d are given by (106) and (116); and
M(kˆ, !ˆ) = heika·xi'a   ✏ (eik
a·x (1), 1)Ya · ikˆ + ✏2  h⇢⌘(0)i'a !ˆ2
+ ✏2
⇣⌦
G{r⌘(1)+ I⌘(0)}↵'
a
   G{⌘(1)⌦r ˜ n}, 1 Ya + 1⇢(0) ⇢(1)⌦ (eika·x (1), 1)Ya ⌘ : (ikˆ)2. (118)
When considering the propagation of free waves (f˜ = 0), the second-order FW-FF approximation of the nth
dispersion branch near k = ka accordingly reads
 !ˆ2
✏3
=
µ(0) : kˆ
2   ✏2µ(2) : kˆ4
⇢(0)   ✏2⇢(2) : kˆ2
, kak+ n > 1,
whereby
!
✏5
= !an +
✏2
2⇢(0)!an
µ(0) : kˆ
2   ✏
4
8(⇢(0))2 (!an)
3
 
µ(0)⌦ µ(0) + 4(!an)2
 
⇢(0)µ(2)  µ(0)⌦ ⇢(2)  : kˆ4, kak+ n > 2.
5.5. Example application in the spatial domain
In the FW-FF regime covered by Theorem 2, the dominant wavelength (2⇡/kkak) is comparabe to the size
of the unit cell, and the basic premise of the two-scale analysis (Section 4) does not apply. Instead, we make
use of the inverse Fourier transform to obtain an e↵ective spatial description of wavefields whose spectrum
is localized in a neighborhood of (ka,!an). On adopting the terminology of the two-scale analysis, we denote
respectvely by x and y the “slow” and “fast” spatial coordinate, and we consider the solution
Ua(y) = F 1d
⇥hu˜ia(kˆ)⇤ = (2⇡) d Z
Rd
hu˜ia(kˆ) eik·y dk, kˆ = k   k
a
✏
where hu˜ia(kˆ) behaves as in Theorem 2. For simplicity of discussion, we disregard the second-order corrections
in (117) and (118). On applying the inverse Fourier transform to the left-hand side of (117), we obtain
 ✏d eika·x µ(0):r2x +  ⇢(0) !ˆ2 Ua(x),
16
Figure 1. Wave motion in a periodic medium: (a) schematics of the multi-cell do-
mains Y a∈ R2 supporting the FW-FF homogenization of wave motion about vertices
of the first quadrant of the first Brillouin zone, and (b) source excitation near the edge
of a band gap.
Remark 7. Thanks to (61)–(62) and Lemma 2 by which ϕ˜an can be taken as real-valued, it is apparent
that the eigenfunction φ˜an corresponding to apex a of B+ represents a plane wave propagating the
stencil ϕ˜an in direction −ka. When ka = 0, φ˜an = ϕ˜an ≡ φ˜◦n is a standing wave.
We will consider the effective wave motion near vertex ka in terms of the averaging perators
〈u˜〉a = |Ya|−1
(
u˜, φ˜an
)
Ya
:=
(
u˜, φ˜an
)
Ya
, n > 1, (64)
〈g˜〉ϕa = |Ya|−1
(
g˜, ϕ˜an
)
Ya
:=
(
g˜, ϕ˜an
)
Ya
, n > 1. (65)
where φ˜an is extended to Ya ⊃ Y by the application of Y -periodicity. In the context of (58), one
sees that (65) de facto “averages” its argument (by stencil ϕ˜an) over: (i) a single wavelength in the
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ka-direction, and (ii) dimension(s) of Y in the direction(s) perpendicular to ka. Note that in the
LW-FF regime (a = 0), both (64) and (65) recover (15). In the context of (65), we also introduce
the auxiliary function spaces
H1p (Ya) = {g ∈ L2(Ya) : ∇g ∈ (L2(Ya))d, g|xj=0 = g|xj=(1+aj)`j},
H1ap0 (Ya) = {g ∈ H1p (Ya) : 〈g〉ϕa = 0}.
(66)
4.2. Scaling. For brevity of notation, we let ωan = (λ˜
a
n)
1/2. Given the fact that the intersection
between any flat portion of ∂B+ and the nth dispersion branch is likely – but not necessarily –
affiliated with the onset of a band gap, it is prudent to generalize (17) as
k = ka+ kˆ, ω2 = λ˜an + σω˘
2 + 2σωˆ2,  = o(1), σ = ±1. (67)
On the basis of (7)–(8) and (67), we find that w˜ ∈ H1p (Y ) satisfies
−(λ˜an+σω˘2+2σωˆ2)ρw˜ −
(∇+ika+ikˆ)·(G(∇+ika+ikˆ)w˜) = 1 in Y, (68)
w˜|xj=0 = w˜|xj=`j ,
ν ·G(∇+ika+ikˆ)w˜|xj=0 = −ν ·G(∇+ika+ikˆ)w˜|xj=`j ,
(69)
where the first of (69) is explicitly stated for reasons of convenience.
To aid the asymptotic analysis, we next introduce w˜ ∈ H1p (Ya) as a field satisfying (68)-(69) over Ya
by the application of Y -periodicity, and we consider the factorized expansion
w˜(x) = e−ik
a·x(−2w˜0(x) + −1w˜1(x) + w˜2(x) + w˜3(x) + · · · ), (70)
which distills (68)–(69) (repeated over Ya) into a series in . By virtue of (69)–(70) and the analysis
similar to that in Section 44.1, we find that for every m > 0, w˜m∈H1p (Ya) are subject to the interior
anti-symmetry conditions
ajw˜m|xj=0 = −ajw˜m|xj=`j ,
that are hereon assumed implicitly, and coupled boundary conditions
ν ·G(∇w˜m + ikˆw˜m−1)|xj=0 = −ν ·G(∇w˜m + ikˆw˜m−1)|xj=(1+aj)`j , (71)
where w˜−1 ≡ 0. In the sequel, we shall denote by wm the respective weighted averages of w˜m(x).
Recalling (64), (65) and (70), we specifically seek wm as
wm = 〈w˜m〉ϕa, m > 0, (72)
so that 〈u˜〉a = f˜ 〈w˜〉a (by extension of Lemma 1) and
〈w˜〉a = −2w0 + −1w1 + w2 + w3 + · · · . (73)
4.3. Leading-order approximation. By the analyses given in Section 33.1 and Section 44.1, the
O(−2) contribution due to (68) and (70) is found as
−λ˜anρw˜0 −∇·
(
G∇w˜0
)
= 0 in Ya. (74)
Due to (61)–(62) and (71) with m = 0, we have
w˜0(x) = w0 ϕ˜
a
n(x), (75)
where w0 is a constant to be determined.
Similarly, the O(−1) equality can be identified as
−λ˜anρw˜1 − σω˘2ρw˜0 −∇·
(
G(∇w˜1 + ikˆw˜0)
)− ikˆ ·(G∇w˜0) = 0 in Ya. (76)
By the linearity of the problem, the solution of (76) is given by
w˜1(x) = w0(γ
(0)(x)σω˘2+ χ(1)(x)· ikˆ) + w1 ϕ˜an(x), (77)
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where w1 is a constant; γ
(0)∈ H1ap0 (Ya) uniquely solves
λ˜anργ
(0) +∇·(G∇γ(0))+ ρϕ˜an = 0 in Ya, (78)
ν ·G∇γ(0)|xj=0 = −ν ·G∇γ(0)|xj=(1+aj)`j ,
and χ(1)∈ (H1ap0 (Ya))d is a unique vector that satisfies
λ˜anρχ
(1) +∇·(G(∇χ(1)+ Iϕ˜an))+G∇ϕ˜an = 0 in Ya, (79)
ν ·G(∇χ(1)+ Iϕ˜an)|xj=0 = −ν ·G(∇χ(1)+ Iϕ˜an)|xj=(1+aj)`j ,
Lemma 6. Cell function χ(1) solving (79) is real-valued, and ω˘ = 0. See Appendix A, electronic
supplementary material, for proof.
Thanks to Lemma 6, the FW-FF asymptotic analysis near k = ka largely reduces to its LW-FF
companion near k = 0 as in Section 3. In particular, the O(1) contribution to (68) is found as
− λ˜anρw˜2 −∇·
(
G(∇w˜2 + ikˆw˜1)
)− ikˆ·(G(∇w˜1 + ikˆw˜0))− σωˆ2ρw˜0 = eika·x in Ya. (80)
By following the treatment of (31) that carries the same structure as (80), we find that w0 solves
− (µ(0) : (ikˆ)2 + σρ(0) ωˆ2)w0 = 〈eika·x〉ϕa, (81)
featuring the real-valued effective coefficients
ρ(0) = 〈ρϕ˜an〉ϕa, µ(0) =
〈
G{∇χ(1) + Iϕ˜an}
〉ϕ
a
− (G{χ(1) ⊗∇ϕ˜an}, 1)Ya . (82)
Remark 8. Assuming forced motion and taking k and ω as in (67) with ω˘ = 0 and n > 1, we see
from Lemma 1, (70) and (75) that u(x, t) = u˜(x)ei(k·x−ωt) is computable as
u(x, t) = −2f˜ w0(kˆ, ωˆ) ϕ˜an(x)e
−ika·x ei((k
a+kˆ)·x−[ωan+2σωˆ2/(2ωan)]t) + O(−1),
= −2f˜ w0(kˆ, ωˆ)
[
ϕ˜an(x) e
−iωant] ei(kˆ·x−2σωˆ2/(2ωan)t) + O(−1),
where the bracketed term is a standing wave over Ya. In the case of free Bloch waves, one similarly
has
u(x, t) = U
[
ϕ˜an(x) e
−iωant] ei(kˆ·x−2µ(0):kˆ2/(2ρ(0)ωan)t) +O(),
where U is a constant. This wave propagates the “original” Bloch eigenfunction φ˜an(x) with the phase
and group velocities given respectively by
c(kˆ) =
[
ωan + 
2µ
(0) : kˆ
2
2ρ(0)ωan
] ka+kˆ
‖ka+kˆ‖2 , cg(kˆ) =
dω
dk
(kˆ) = 
µ(0) · kˆ
ρ(0)ωan
.
4.4. First- and second-order correctors. Proceeding with the analysis, we let χ(2) ∈ (H1ap0 (Ya))d×d
be the unique tensor solving
λ˜anρχ
(2) +∇·(G(∇χ(2) + {I ⊗ χ(1)}′))+G{∇χ(1) + Iϕ˜an} − ρρ(0)µ(0)ϕ˜an = 0 in Ya, (83)
ν ·G(∇χ(2) + {I ⊗ χ(1)}′)|xj=0 = −ν ·G(∇χ(2) + {I ⊗ χ(1)}′)|xj=(1+aj)`j ,
and we introduce η(0) ∈ H1ap0 (Ya) as the unique function satisfying
λ˜anρη
(0) +∇·(G∇η(0))− ρ
ρ(0)
〈eika·x〉ϕa ϕ˜an + eik
a·x = 0 in Ya, (84)
ν ·G∇η(0)|xj=0 = −ν ·G∇η(0)|xj=(1+aj)`j .
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Then one can show that
−(µ(0) : (ikˆ)2 + σρ(0) ωˆ2)w1 = −(eika·xχ(1), 1)Ya · ikˆ. (85)
We next introduce χ(3) ∈ (H1ap0 (Ya))d×d×d as the unique “zero-mean” tensor solving
λ˜anρχ
(3) +∇·(G(∇χ(3)+ {I ⊗ χ(2)}′))+G{∇χ(2)+ I ⊗ χ(1)} − ρ
ρ(0)
{µ(0)⊗ χ(1)} = 0 in Ya,
ν ·G(∇χ(3) + {I ⊗ χ(2)}′)|xj=0 = −ν ·G(∇χ(3) + {I ⊗ χ(2)}′)|xj=(1+aj)`j ,
and we let η(1) ∈ (H1ap0 (Ya))d be the unique “zero-mean” vector given by
λ˜anρη
(1) +∇·(G(∇η(1)+ Iη(0)))+G∇η(0) + ρ
ρ(0)
(
(eik
a·xχ(1), 1)Ya ϕ˜
a
n − 〈eik
a·x〉ϕaχ(1)
)
= 0 in Ya,
ν ·G(∇η(1) + Iη(0))|xj=0 = −ν ·G(∇η(1) + Iη(0))|xj=(1+aj)`j .
With such definitions, one finds that
− (µ(0) : (ikˆ)2 + σρ(0) ωˆ2)w2 − (µ(2) : (ikˆ)4 + σρ(2) : (ikˆ)2ωˆ2)w0 = σ〈ρη(0)〉ϕa ωˆ2
+
(〈
G{∇η(1)+ Iη(0)}〉ϕ
a
− (G{η(1)⊗∇ϕ˜an}, 1)Ya + 1ρ(0){ρ(1)⊗ (eika·xχ(1), 1)Ya}) : (ikˆ)2, (86)
where
ρ(2) = 〈ρχ(2)〉ϕa, µ(2) =
〈
G{∇χ(3) + I⊗χ(2)}〉ϕ
a
− (G{χ(3) ⊗∇ϕ˜an}, 1)Ya . (87)
Theorem 2. Assume that the Bloch wave function u˜ solves (4) with f˜ 6= 0, and consider the
effective wave motion 〈u˜〉a in the sense of (64) near apex ka of the first “quadrant” of the first
Brillouin zone B+ according to (55). Assuming that the eigenvalue λ˜an (n>1) solving (61)–(62) has
multiplicity one, the second-order FW-FF approximation of 〈u˜〉a in a neighborhood (67) of (ka, ωan)
satisfies
− (µ(0) : (ikˆ)2 + σρ(0) ωˆ2)〈u˜〉a − 2(µ(2) : (ikˆ)4 + σρ(2) : (ikˆ)2ωˆ2)〈u˜〉a = −2f˜M(kˆ, ωˆ), (88)
where “

=” signifies equality with an O() residual; the coefficients of homogenization ρ(0)∈ R, µ(0)∈
Rd×d, ρ(2)∈ Rd×d and µ(2)∈ Rd×d×d×d are given by (82) and (87); and
M(kˆ, ωˆ) = 〈eika·x〉ϕa −  (eik
a·xχ(1), 1)Ya · ikˆ + 2 σ〈ρη(0)〉ϕa ωˆ2
+ 2
(〈
G{∇η(1)+ Iη(0)}〉ϕ
a
− (G{η(1)⊗∇ϕ˜an}, 1)Ya + 1ρ(0){ρ(1)⊗ (eika·xχ(1), 1)Ya}) : (ikˆ)2.
When considering the propagation of free waves (f˜ = 0), on the other hand, the second-order FW-FF
approximation of the nth dispersion branch near k = ka reads
σωˆ2
3
=
µ(0) : kˆ
2 − 2µ(2) : kˆ4
ρ(0) − 2ρ(2) : kˆ2
, n > 1.
4.5. Example application: Green’s function near the edge of a band gap. In the FW-FF
regime covered by Theorem 2, the dominant wavelength (2pi/‖ka‖) is commensurate with the size
of the unit cell, and the usual premise of the two-scale homogenization analysis ceases to apply.
Instead, we make use of the Bloch expansion theorem [26] to obtain an effective spatial description
of wavefields whose spectrum is localized in a neighborhood of (ka, ωan). To facilitate the discussion,
we temporarily adopt the terminology of the two-scale analysis and we let y and x = y signify
respectively the “fast” and “slow” spatial coordinate, where y tracks fluctuations on the level of
the unit cell. On denoting by γa the lattice vectors of a structure with period Ya and assuming
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that u solving (1) for some f ∈ L1(Rd) is likewise absolutely integrable over Rd, their Ya-periodic
counterparts
g˜(y;k) =
∑
γa
g(y + γa)e
−ik·(y+γa), g = u, f (89)
can be shown to satisfy (4)–(5) with Y replaced by Ya. In this setting, the Bloch expansion theorem
gives
u(y) = |Ba|−1
∫
ks+Ba
u˜(y;k)eik·ydk, y ∈ Rd (90)
and similarly for f , where Ba is the first Brillouin zone corresponding to Ya and ks ∈ Rd is an
arbitrary shift vector. In what follows, we conveniently take ks = k
a and we denote by γ the lattice
vectors of a structure with period Y .
We next consider the Green’s function for an infinite periodic medium at frequency ω near the
edge of a band gap so that ω − ωan = O(2) for some n = nˆ and k = ka, whereas ω − ωn(k) > O(1)
for all other n and all k away from ka (see the schematics in Fig. 1(b)). Letting the source density
be f(y) = δ(y−y′), one finds that the Green’s function u under such conditions decays strongly [15]
with ‖y − y′‖ so that (90) applies.
By virtue of (13)–(14), the principal contribution to (90) in this case derives from a neighborhood
of (ka, ωanˆ). Assuming that λ
a
nˆ is an isolated eigenvalue, this neighborhood is characterized by scalings
k = ka+ kˆ and ω2 = λanˆ + 
2σωˆ2. From (89), we find that f˜(y;k) = δ(y−y′)e−i(ka+kˆ)·y there. In
this case (f˜ 6= const.), the claim of Theorem 2 can be generalized as
−(µ(0) : (ikˆ)2 + ρ(0)2σωˆ2)〈u˜〉a = 〈e−ikˆ·yδ(y−y′)〉ϕa − (e−ikˆ·yχ(1)(y)δ(y−y′), 1)Ya · ikˆ
= |Ya|−1e−ikˆ·y′
(
ϕ˜anˆ(y
′) − χ(1)(y′) · ikˆ), (91)
upon discarding the second-order correction.
By letting φ˜anˆ satisfy (56)–(57) in every γ + Y , (90) is next evaluated on the basis of (91) by:
(i) applying the local approximation
u˜(y;ka+ kˆ) ' 〈u˜〉a[kˆ] φ˜anˆ(y), y ∈ Rd
uniformly for all kˆ ∈ Ba, and (ii) further extending the domain of integration to Rd, see [15] for
related discussion. Specifically, we write
u(y)
(i)' |Ba|−1 φ˜anˆ(y) eik
a·y
∫
Ba
〈u˜〉a[kˆ] eikˆ·y d(kˆ) = ϕ˜anˆ(y)Ua(y), (92)
where ϕ˜anˆ = φ˜
a
nˆ e
ika·y solves (61)–(62) in every γa+Ya, and
Ua(y) = |Ba|−1
∫
Ba
〈u˜〉a[kˆ] eikˆ·y d(kˆ)
(ii)' |Ba|−1
∫
Rd
〈u˜〉a[kˆ] eikˆ·y d(kˆ). (93)
For brevity, we leave the error estimates for another study. We note, however, that the above
approximations are supported by the facts that: (a) 〈u˜〉a solving (91) behaves as O((2+ ‖kˆ‖2)−1)
for kˆ ∈ Rd, and (b) relative error due to approximation (ii) diminishes fast with ‖y − y′‖ since the
phase function in (93) has no stationary points. On recalling that |Ba| = (2pi)d/|Ya|, (91) and (93)
demonstrate that Ua solves
− (µ(0):∇2y + ρ(0)(ω2 − λ˜anˆ))Ua = [ϕ˜anˆ(y′) − χ(1)(y′) ·∇y]F (y − y′), (94)
where
F (y − y′) =
{
|Ya|−1
∏d
j=1 sinc
[pi(yj−y′j)
(1+aj)`j
]
, approx. (i)
δ(y − y′), approx. (ii)
(95)
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Later on, we will examine the utility of both approximations for a chessboard-like medium examined
in [11]. For future reference, we also note letting d = 2, ω2 > λ˜anˆ, and µ
(0) = µ(0)I for some µ(0)< 0,
that the solution of (95) affiliated with approximation (ii) can be computed as
U (ii)a (y) =
1
2piµ(0)
[
ϕ˜anˆ(y
′)K0(α‖y‖) + α‖y‖χ
(1)(y′)·yK1(α‖y‖)
]
, α =
(ρ(0)(ω2 − λ˜anˆ)
|µ(0)|
)1/2
, (96)
where K0 and K1 denote modified Bessel functions of the second kind.
5. Repeated eigenvalues
Up until this point, we assumed that the eigenvalue λ˜an is simple. In the case of repeated eigenval-
ues however, the asymptotic analysis must entail, and account for the interaction of, “competing”
eigenfunctions at ωan = (λ˜
a
n)
1/2. This degenerate situation was recently examined in [9, 17] and [12]
by considering one-dimensional wave motion, time-domain wave equation, and time-harmonic wave
equation in separable bi-periodic structures, respectively. In composites with honeycomb structure,
such situations are notably governed by the Dirac equation [18]. In this class of periodic configura-
tions, salient features such as topologically protected edge states are possible – leading to the concept
of topological wave insulators, see [9, 17,18] for details.
In what follows, we pursue the FW-FF expansion of wave motion about the apex point (ka, ωan)
in situations when the eigenvalue λan is repeated. For generality, we adopt the agnostic scaling
framework (67), and we take (68)-(71) as the starting point.
5.1. Eigenfunction basis. Assuming that λan has multiplicity Q > 1, let φ˜
a
nq ∈ H1p (Y ) (q = 1, Q)
be linearly independent eigenfunctions that are orthogonal in L2ρ(Y ) and satisfy
−(∇+ika)·(G(∇+ika)φ˜anq) = λ˜anρφ˜anq in Y, (97)
ν ·G(∇+ika)φ˜anq|xj=0 = −ν ·G(∇+ika)φ˜anq|xj=`j . (98)
Following the analysis in Section 44.1, we let
φ˜anq(x) = ϕ˜
a
nq(x)e
−ika·x in Y, q = 1, Q (99)
where ϕ˜anq ∈ H1p (Ya) are orthogonal according to (63) and solve
−∇·(G∇ϕ˜anq) = λ˜anρ ϕ˜anq in Ya, (100)
ajϕ˜
a
nq|xj=0 = −ajϕ˜anq|xj=`j ,
ν ·G∇ϕ˜anq|xj=0 = −ν ·G∇ϕ˜anq|xj=(1+aj)`j .
(101)
By extending the argument of Lemma 2, we find that ϕ˜anq can be taken as real-valued without
loss of generality. In this case, however, a generic solution to (100)–(101) need not have constant
argument across Ya.
On the basis of (97)–(101), we define the relevant “averaging” operators as
〈u˜〉qa =
(
u˜, φ˜anq
)
Ya
, 〈u˜〉qϕa =
(
u˜, ϕ˜anq
)
Ya
, q = 1, Q, (102)
and we generalize the second of (66) as
H1ap0 (Ya) = {g ∈ H1p (Ya) : 〈g〉qϕa = 0, q = 1, Q}. (103)
Remark 9. In the sequel, we do not asume implicit summation over repeated indexes p, q, r and s.
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5.2. Leading-order approximation. As indicated earlier, we consider (68)–(69) and we start from
the asymptotic expansion (70) of w˜. From the results in Section 44.3, we find the O(−2) contribution
stemming from (68) and (70) to read as in (74). By (100)–(101), we now have
w˜0(x) =
∑
q
w0q ϕ˜
a
nq(x), (104)
where w0q∈ C (q = 1, Q) are constants to be determined.
Next, we find the O(−1) statement of (68) to be given by (76). On multiplying the latter by ϕ˜anp
and integrating over Ya, one can show by following the proof of Lemma 6 that∑
q
θ(0)pq ·(ikˆ)w0q + σω˘2ρ(0)p w0p = 0, p = 1, Q. (105)
where
ρ(0)p =
〈
ρϕ˜anp
〉pϕ
a
, θ(0)pq =
〈
G∇ϕ˜anq
〉pϕ
a
− 〈G∇ϕ˜anp〉qϕa , p, q = 1, Q. (106)
Remark 10. On recalling Lemma 1 and the discussion in Remark 3, from (104) we find that the
leading-order mean energy density of a Bloch wave u˜ (averaged in space and time [34]) is given by
E¯0 =
1
2
ω2(ρu˜0, u˜0) =
1
2
ω2f˜ 2
∑
q
ρ(0)q w
2
0q.
This sheds light on ρ
(0)
q (q = 1, Q) as the quanta of energy characterizing respective dispersion curves.
For convenience, we rewrite (105) as the generalized eigenvalue problem∑
q
Apqw0q − τ
∑
q
Dpqw0q = 0, p = 1, Q (107)
with
Apq = θ
(0)
pq ·ikˆ, Dpq = δpqρ(0)q , τ = −σω˘2. (108)
Since θ(0)pq are real-valued and ρ
(0)
q > 0, we see that Apq is Hermitian skew-symmetric, and that Dpq
is positive definite. In what follows, we seek (whenever possible) a non-trivial solution to (107).
Lemma 7. The following statements hold: every τ solving (107) is either real-valued or zero; (ii)
if τ is an eigenvalue of (107), so is −τ ; (iii) the eigenvectors corresponding to τ and −τ are complex
conjugates of each other, and (iv) the maximum rank of Apq is Q (resp. Q−1) for Q even (resp. odd).
See Appendix A (electronic supplementary material) for proof.
Assumption 1. Hereon, we focus our analysis on the situations where Apq is either: (i) of maximum
rank according to Lemma 7, or (ii) trivial.
Remark 11. The first step in the ensuing analyses is to expose the frequency scaling law in (67)
depending on the nature of Apq. Following the developments in Section 4 and in particular the proof
of Lemma 6, the key issue is whether letting ω˘ = 0 turns the effective O(−1) equation (107) into an
identity for non-trivial w0q – which can then be deployed to satisfy the effective O(1) equation with
the source term.
5.2.1. Effective model for full-rank Apq. In situations when Q is even, generalized eigenvalue prob-
lem (107) has no zero eigenvalues by Lemma 7 and Assumption 1. Accordingly, assuming the scaling
framework (67) with ω˘ = 0 does not cater for a non-trivial solution of (107); we thus let ω˘ 6= 0
and w0q= 0 (q = 1, Q) by which the O(
−1) contribution to (68) becomes
−λ˜anρw˜1 −∇·
(
G(∇w˜1)
)
= 0 in Ya. (109)
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As a result, the leading-order solution reads
w˜1(x) =
∑
q
w1q ϕ˜
a
nq(x), (110)
where w1q ∈ C are constants. To compute w1q, we identify the O(1) statement of (68), namely
−λ˜anρw˜2 −∇·
(
G(∇w˜2 + ikˆw˜1)
)− ikˆ ·(G∇w˜1)− σω˘2ρw˜1 = eika·x in Ya. (111)
On integrating 〈(111)〉pϕa , p ∈ 1, Q by parts as in the treatment of (33), we obtain(
ikˆGw˜1,∇ϕ˜anp
)
Ya
− (ikˆ·(G∇w˜1), ϕ˜anp)Ya − σω˘2(ρw˜1, ϕ˜anp)Ya = 〈eika·x〉pϕa . (112)
The substitution of (110) into (112) results in a system of Q governing equations for w1p as
−
∑
q
Apqw1q − σω˘2
∑
q
Dpqw1q = 〈eika·x〉pϕa , p = 1, Q (113)
where Apq and Dpq are given by (108). By Lemma 7 and Assumption 1, we find that the generalized
eigenvalue problem underpinning (113) has Q real eigenvalues, hereon denoted by −σr ω˘2r , and we
assume σω˘2 6= σr ω˘2r (r = 1, Q) when solving (113).
Remark 12. By Lemma 7, the above eigenvalues appear in “±” pairs, and we conveniently arrange
them so that (i) ω˘2r = ω˘
2
r+1 and σr/r+1 =±1 for r odd, and (ii) 0 < ω˘21 6 ω˘22 6 . . . 6 ω˘2Q. In this
setting, there are Q/2 pairs of dispersion branches emanating from the apex point (ka, ωan) given by
mappings (ka+ kˆ, ωan+ σrω˘
2
r(kˆ)/(2ω
a
n)). Each such branch is characterized by an O(1) (positive
or negative) group velocity, and is stenciled by the respective eigenfunction
∑
q e
r
q ϕ˜
a
nq, where e
r
q ∈ C
(q = 1, Q) are components of the unit eigenvector of Apq corresponding to σr ω˘
2
r .
5.2.2. Effective model for trivial Apq. In certain situations, the “primal” matrix Apq may become zero
due to either trivial θ(0)pq in (106), or the vanishing products θ
(0)
pq · ikˆ. In this case, (107) with Apq = 0
yields ω˘ = 0 in order to preserve the leading-order solution (104). Accordingly, from (76) with ω˘ = 0
and (110) we find that
w˜1(x) =
∑
q
w0qχ
(1)
q (x)· ikˆ +
∑
q
w1q ϕ˜
a
nq(x), (114)
where w1q∈ C (q = 1, Q) are constants, and χ(1)q ∈ (H1ap0 (Ya))d solve
λ˜anρχ
(1)
q +∇·
(
G(∇χ(1)q + Iϕ˜anq)
)
+G∇ϕ˜anq −
∑
r
1
ρ
(0)
r
θ(0)rq ρϕ˜
a
nr = 0 in Ya, q = 1, Q (115)
ν ·G(∇χ(1)q + Iϕ˜anq)|xj=0 = −ν ·G(∇χ(1)q + Iϕ˜anq)|xj=(1+aj)`j .
Note that the last (summative) entry in (115) is inserted to ensure that the source term driving χ
(1)
q
is orthogonal to ϕ˜anr (r = 1, Q), while making no contribution to (76) due to the fact that Arq = 0.
On substituting this result into (80), multiplying by ϕ˜anp, and integrating over Ya we find that
−
∑
q
Bpqw0q − σωˆ2
∑
q
Dpqw0q = 〈eika·x〉pϕa , p = 1, Q, (116)
where Dpq is given by (108) and
Bpq = µ
(0)
pq : (ikˆ)
2, µ(0)pq =
〈
G{∇χ(1)q + Iϕ˜anq}
〉pϕ
a
− (G{χ(1)q ⊗∇ϕ˜anp}, 1)Ya . (117)
Lemma 8. Matrix Bpq is symmetric. See Appendix A, electronic supplementary material, for proof.
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5.2.3. Effective model for rank(Apq) = Q−1. When Q is odd, by Lemma 7 and Assumption 1 the
generalized eigenvalue problem (107) has one zero eigenvalue to which corresponds unit eigenvector
with components ϑq ∈ R, q = 1, Q. Without loss of generality, we select the eigenfunction basis ϕ˜anq
so that ϑq = δq1, i.e.
A1p = Ap1 = 0, p = 1, Q. (118)
In this case, (107) turns into identity if: (i) τ = −σω˘2 = 0, and (ii) w0q = w0δq1 i.e.
w˜0(x) = w0 ϕ˜
a
n1(x), (119)
for some constant w0 ∈ C. From (76) with ω˘ = 0 and (119), we find that
w˜1(x) = w0χ
(1)
1 (x)· ikˆ +
∑
q
w1q ϕ˜
a
nq(x) (120)
where w1q∈ C (q = 1, Q) are constants, and χ(1)1 ∈(H1ap0 (Ya))d satisfies (115) with q = 1.
To compute w0, we recall the O(1) statement of (68) given by (80), whose multiplication by ϕ˜
a
n1
and integration over Ya yields
− (µ(0)11 : (ikˆ)2 + σωˆ2ρ(0)1 )w0 = 〈eika·x〉1ϕa , (121)
where ρ
(0)
1 and µ
(0)
11 are given respectively by (106) and (117). On adopting the reasoning as in
Section 3, from (121) one finds that σ = sign(ω−ω◦n) when f˜ 6=0, and σ = sign(µ(0)) when f˜=0.
We remark however that the above leading-order model is incomplete in that it features only a
single projection, w0, at an apex point that features Q eigenfunctions. Such description is indeed
insufficient when 〈eika·x〉1ϕa = 0. To identify the remaining Q− 1 leading-order projections in terms
of w1q, we revisit the O(1) statement of (68) taking ω˘ 6= 0, namely
− λ˜anρw˜2 −∇·
(
G(∇w˜2 + ikˆw˜1)
)− ikˆ ·(G(∇w˜1 + ikˆw˜0))− σω˘2ρw˜1 − σωˆ2ρw˜0 = eika·x in Ya,
where w˜0 is given by (119). By following the analysis in Section 55.25.2.1 and making use of (117),
(118) and (121), we find that
− ρ(0)1 w11 = w0〈ρχ(1)1 〉1ϕa ·ikˆ, (122)
while w1q, q = 2, Q solve the linear system
−
∑
q>1
Apqw1q − σω˘2
∑
q>1
Dpqw1q = 〈eika·x〉pϕa + w0
(
µ
(0)
p1 : (ikˆ)
2 + σω˘2ρ
(1)
p1 ·ikˆ
)
,
ρ
(1)
p1 = 〈ρχ(1)1 〉pϕa , p = 2, Q. (123)
Note that the role of w11 in the above expansion is “secondary” in that it vanishes when w0 =0; a situ-
ation that motivates the consideration of w1q in the first place. As a result the “full” effective model
when rank(Apq) = Q−1, that embodies the leading-order contribution of each eigenfunction ϕ˜anq
(q = 1, Q), is thus given by w0 solving (121) and w1q, q = 2, Q solving (123). For completeness,
we remark that the existence of this class of configurations (termed Dirac-like points) at ka = 0
with Q=3 is directly related to the phenomenon of zero-index metamaterials [2].
Remark 13. On the basis of the above analysis, one may expect that the leading-order FW-FF
approximation at some (ka, ωn) with rank(Apq) = Q−N , N>1 and Q−N even, will be described in
terms of N components of w0q and Q−N components of w1q.
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5.2.4. Synthesis.
Theorem 3. Consider the Bloch wave function u˜(x) solving (4) with f˜ 6= 0 near apex ka of the first
“quadrant” of the first Brillouin zone, see (55). Assuming that the eigenvalue λ˜an > 0 solving (61)–
(62) has multiplicity Q > 1 and that the coupling matrix Apq in (107) is either non-degenerate in
the sense of Assumption 1 or zero, the leading FW-FF approximation of u(x, t) = u˜(x)ei(k·x−ωt) in
a neighborhood (67) of (ka, ωan) reads
u(x, t) =

−1f˜
∑
r w1r(kˆ, ω˘)
[
ϕ˜anr(x) e
−iωant
]
ei(kˆ·x−σω˘
2/(2ωan)t), rank(Apq) = Q,
−2f˜
∑
r w0r(kˆ, ωˆ)
[
ϕ˜anr(x) e
−iωant
]
ei(kˆ·x−
2σωˆ2/(2ωan)t), rank(Apq) = 0,
−2f˜w0(kˆ, ω˘)
[
ϕ˜an1(x) e
−iωant
]
ei(kˆ·x−
2σωˆ2/(2ωan)t)
+ −1f˜
∑
sw1s(kˆ, ω˘)
[
ϕ˜ans(x) e
−iωant
]
ei(kˆ·x−σω˘
2/(2ωan)t), rank(Apq) = Q−1,
where r = 1, Q; s = 2, Q; w1r solve system (113); w0r solve system (116); w0 solves (121), w1s solve
system (123) and, when rank(Apq) = Q−1, the eigenfunction basis is chosen so that (118) holds.
When considering the free waves (f˜ = 0), we have
u(x, t) =

∑
s Us
[∑
r e
s
r ϕ˜
a
nr(x) e
−iωant
]
ei(kˆ·x−σsω˘
2
s(kˆ)/(2ω
a
n)t), rank(Apq) = Q,∑
s Us
[∑
r g
s
r ϕ˜
a
nr(x) e
−iωant
]
ei(kˆ·x−
2σsωˆ2s(kˆ)/(2ω
a
n)t), rank(Apq) = 0,
U0
[
ϕ˜an1(x) e
−iωant
]
ei(kˆ·x−
2σ0ωˆ20(kˆ)/(2ω
a
n)t)
+
∑
m Um
[∑
r h
m
r ϕ˜
a
nr(x) e
−iωant
]
ei(kˆ·x−σmω˘
2
m(kˆ)/(2ω
a
n)t), rank(Apq) = Q−1,
where r, s= 1, Q; m= 2, Q; U0, Us and Um are constants; −σs ω˘2s(kˆ) (resp. esr) are the eigenvalues
(resp. eigenvectors) of system (113); −σs ωˆ2s(kˆ) (resp. gsr) are the real eigenvalues (resp. real eigenvec-
tors) of system (116); −σ0ωˆ20(kˆ) is the eigenvalue of (121); and −σm ω˘2m(kˆ) (resp. hmr ) are the eigen-
values (resp. eigenvectors) of system (123). The situations with rank(Apq) = Q (resp. rank(Apq) =
Q− 1) require that Q be even (resp. odd).
Remark 14. From (108), (113), (116), and (117) we see that ω˘2s(kˆ) ∝ ‖kˆ‖ and ωˆ2s(kˆ) ∝ ‖kˆ‖2 in
any given direction kˆ/‖kˆ‖. Due to this result and (67), one finds that
ωs(k)−ωan ∝
{ ‖k−ka‖ for rank(Apq) = Q,
‖k−ka‖2 for rank(Apq) = 0, s = 1, Q, (124)
while the situations with rank(Apq) = Q− 1 feature both types of local behaviors.
Lemma 9. A sufficient condition for the occurence of a Dirac point [18], i.e. conical contact between
dispersion surfaces, at (ka, ωan) is given by
rank(Apq) = Q ∀kˆ/‖kˆ‖ ∈ {κ ∈ Rd : ‖κ‖ = 1}, Q > 1.
As a result, “simple” (Q = 2) Dirac points of the scalar wave equation are not possible.
Proof. When Q = 2, the eigenvalues of Apq are ±θ(0)12 · kˆ, which vanish for kˆ/‖kˆ‖ ⊥ θ(0)12 . 
Remark 15. The effective description given by Theorem 3 inherently depends upon the choice of the
eigenfunction basis ϕ˜anq (q = 1, Q), since any linear combination thereof is also an eigenfunction. To
shed light on the problem, let Tpq be an invertible real-valued matrix such that˜˜ϕanp = ∑
q
Tpq ϕ˜
a
nq, p = 1, Q (125)
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represents another (possibly rescaled) basis that is orthogonal in L2ρ(Ya). In this new frame, we have
ρ˜
(0)
p =
∑
r
Tprρ
(0)
r T
T
rp, θ˜
(0)
pq =
∑
r,s
Tprθ
(0)
rs T
T
sq , µ˜
(0)
pq =
∑
r,s
Tprµ
(0)
rs T
T
sq , (126)
due to (108) and (117). As a result, effective models (113) and (116) hold under the mappings
wjq → w˜jq =
∑
s
T -Tqs wjs, Mpq → M˜pq =
∑
r,s
TprMrsT
T
sq ,
〈eika·x〉pϕa → 〈eik
a·x〉pϕ˜a =
∑
s
Tqs〈eika·x〉sϕa , j ∈ {0, 1}, M ∈ {A,B,D}. (127)
which clearly preserve the germane dispersion relationships.
The foregoing remark raises the question of a unique “reference” eigenfunction basis that facilitates
comparison of results across studies. To help the discussion, we let
D-1/2pq = δpq (ρ
(0)
q )
-1/2, ρ(0) =
1
Q
∑
q
ρ(0)q , (128)
and we denote by λAp ∈ R and λBp ∈ R (p = 1, Q) the real eigenvalues of ρ(0)
∑
r,sD
-1/2
pr ArsD
-1/2
sq
and ρ(0)
∑
r,sD
-1/2
pr BrsD
-1/2
sq , respectively. Note that λAp are ordered in ± pairs as in Remark 12.
Lemma 10. Let kˆ/‖kˆ‖ be fixed, and consider the eigenfunction basis ˜˜ϕanp given by (125) with
Tpq =
√
ρ(0)
∑
s
RTpsD
-1/2
sq , p, q = 1, Q, (129)
where Rpq is a real-valued orthogonal matrix that: (a) converts ρ
(0)
∑
r,sD
-1/2
pr ArsD
-1/2
sq into a 2×2
block-diagonal form (·)ot via transformation
∑
p,q R
T
op(·)pqRqt when solving (113), and (b) collects
the eigenvectors of ρ(0)
∑
r,sD
-1/2
pr BrsD
-1/2
sq when solving (116). Such basis is (i) ρ-orthonormal in
that (ρ˜˜ϕanp,˜˜ϕanq)Ya = δpqρ(0) and (ii) unique, i.e. independent of the choice of ϕ˜anp, when Mpq itself
(M = A,B) has no repeated eigenvalues. In this frame of reference, system (113) (resp. sys-
tem (116)) becomes 2×2 block-diagonal (resp. diagonal) in direction kˆ/‖kˆ‖ as
A˜pq = θ˜
(0)
pq ·(ikˆ) = δp(q+(−1)p)(−1)piλAp ,
B˜pq = µ˜
(0)
pq : (ikˆ)
2 = δpqλ
B
p , D˜pq = δpqρ
(0) (no summation) (130)
where A˜pq, B˜pq and D˜pq are invariant with respect to the choice of basis ϕ˜
a
np. See Appendix A for
proof.
With reference to (130), we note that the 2×2 block-diagonal nature of A˜pq is perhaps not surprising,
for in this case the germane dispersion branches appear in “±” pairs in terms of the incipient group
velocity, see Remark 12. We also note, omitting the details for brevity, that the analysis of Lemma 10
also applies to “reduced” system (123) arising when rank(Apq) = Q− 1.
Remark 16. At this point, it is unclear under which conditions there exists a common basis ˜˜ϕanp
(p = 1, Q) that simultaneously (block-) diagonalizes Mpq (M = A,B) for all kˆ/‖kˆ‖. For instance
when Dirac cones are present (M=A), there is no such basis; otherwise for each kˆ ⊥ θ˜(0)pq (p, q = 1, Q)
the rank of A˜pq drops by at least two, and thus negates the Dirac cones. For other types of apexes
(with M =B) examined in Section 7 and elsewhere in the literature [11], on the other hand, such
common basis does seem to exist.
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6. Nearby eigenvalues
So far we considered the effective wave motion in a neighborhood of (ka, λ˜an), where the eigenvalue
λ˜an is either simple, or repeated with multiplicity Q. An implicit assumption in the underpinning
analyses, however, is that the distance between λ˜an and its neighbors is O(1). In what follows, we
relax this restriction by considering a cluster of Q nearby eigenvalues λ˜aj , j = n−na, n+nb that are
separated by O(). For generality, we allow for the possibility that some of the eigenvalues λ˜aj in this
set may be equal, i.e. repeated.
Remark 17. To aid the analysis, we denote the featured cluster by λ˜aj(q), (q = 1, Q) where the
mapping j(q) : [1, Q]→ [n−na, n+nb] is one-to-one, albeit not necessarily monotonic. In the sequel,
we also let φ˜anq (q = 1, Q) be the eigenfunctions corresponding respectively to λ˜
a
j(q).
6.1. Eigenfunction basis. In line with the above description, we consider a set of nearby eigenvalues
λ˜aj(q) given by
λ˜aj(q) = λ˜
a
n + γq, γq Q 0, q = 1, Q. (131)
Assumption 2. We allow for λ˜an to have multiplicity 1 6 Q′< Q, and we conveniently select the
mapping j(q) so that γq = 0 for q = 1, Q′. All other eigenvalues λ˜aj(q) (q > Q
′) are assumed to be
simple.
From (131), one finds that the eigenfunctions φ˜anq ∈ H1p (Y ) corresponding to λ˜aj(q) solve
−(∇+ika)·(G(∇+ika)φ˜anq) = λ˜anρφ˜anq + γqρφ˜anq in Y, (132)
ν ·G(∇+ika)φ˜anq|xj=0 = −ν ·G(∇+ika)φ˜anq|xj=`j . (133)
Following the previous analysis, we introduce the real-valued eigenfunctions ϕ˜anq ∈ H1p (Ya) that are:
(i) orthogonal in L2ρ(Ya), (ii) related to ϕ˜
a
nq via (58), and (iii) solve
−∇·(G∇ϕ˜anq) = λ˜anρ ϕ˜anq + γqρϕ˜anq in Ya, (134)
ajϕ˜
a
nq|xj=0 = −ajϕ˜anq|xj=`j ,
ν ·G∇ϕ˜anq|xj=0 = −ν ·G∇ϕ˜anq|xj=(1+aj)`j .
(135)
Inherently, (132)–(135) suggest use of the “averaging” operators (102) and function space (103).
6.2. Leading-order approximation. We again refer to (68)–(69), and we start from the asymp-
totic expansion (70) of w˜. From the results in Section 44.3, one finds that the O(−2) contribution
to (68) is given by (74). Thanks to (134)–(135), one finds that (74) is satisfied by (104) up to the
O() residual
ρ(x)
∑
q
γqw0q ϕ˜
a
nq(x). (136)
This remainder inherently carries over to the O(−1) statement of (68), which now reads
−λ˜anρw˜1 − σω˘2ρw˜0 −∇·
(
G(∇w˜1+ ikˆw˜0)
)− ikˆ ·(G∇w˜0)− ρ∑
q
γqw0q ϕ˜
a
nq = 0 in Ya. (137)
On integrating 〈(137)〉pϕa by parts, one can show as in the proof of Lemma 6 that∑
q
Aγpqw0q − τ
∑
q
Dpqw0q = 0, p = 1, Q (138)
up to respective O() residuals
γp〈ρw˜1〉pϕa , p = 1, Q, (139)
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where
Aγpq = θ
(0)
pq ·ikˆ + γqDpq, Dpq = δpqρ(0)q , τ = −σω˘2, (140)
with ρ
(0)
p and θ
(0)
pq given by (106). As before, we seek (when possible) a non-trivial solution to (138).
Remark 18. Since Aγpq is Hermitian and Dpq is diagonal positive definite, the eigenvalues τ of (138)
are real, and the eigenvectors corresponding to distinct eigenvalues are orthogonal.
6.2.1. Effective model for full-rank Aγpq. When rank(A
γ
pq) = Q, generalized eigenvalue problem (138)
has no zero eigenvalues. Accordingly, the scaling framework (67) with ω˘ = 0 does not cater for a
non-trivial solution of (138); we thus keep ω˘ 6= 0 and set w0q = 0 (q = 1, Q) by which the O(−1)
statement (137) reduces to (109). Thanks to (134)–(135), one can take w˜1(x) as in (110), which
satisfies (109) up to the O() residual
ρ(x)
∑
q
γqw1q ϕ˜
a
nq(x), (141)
that carries over to the O(1) statement of (68), namely
− λ˜anρw˜2 −∇·
(
G(∇w˜2+ ikˆw˜1)
)− ikˆ ·(G∇w˜1)− σω˘2ρw˜1
− ρ
∑
q
γqw1q ϕ˜
a
nq = e
ika·x in Ya. (142)
To compute constants w1q ∈ C in (110), we integrate 〈(142)〉pϕa (p ∈ 1, Q) by parts which yields
−
∑
q
Aγpqw1q − σω˘2
∑
q
Dpqw1q = 〈eika·x〉pϕa , p = 1, Q (143)
up to O() residuals, where Aγpq and Dpq are given by (140), and σω˘
2 = −1(ω2−λ˜an) according to (67).
By Remark 18, we find that the generalized eigenvalue problem behind (143) has Q real eigenvalues,
hereon denoted by τr (r = 1, Q), and we assume −σω˘2 6= τr when solving (143). Since Aγpq is not
antisymmetric, however, the eigenvalues τr of (143) will generally not appear in “±” pairs as in the
case of repeated eigenvalues, see Section 55.25.2.1.
Remark 19. The case of trivial Aγpq = Apq + γqDps is not germane to the discussion for it would
require that each Apq ∈ I and γqDpq ∈ R vanish identically – a premise that yields γp = 0 (p = 1, Q)
and thus precludes the existence of nearby eigenvalues.
6.2.2. Effective model for rank(Aγpq) = Q−1. For clarity we focus on situations where, upon suitable
“rotation” (125) of the eigenfunction basis ϕ˜anq – as permitted by the multiplicity (if any) of eigenvalue
λ˜an = λ˜
a
j(q) (q = 1, Q
′), one has
Aγ1p = A
γ
p1 = 0, p = 1, Q, (144)
cf. (118). Recalling (140), we note that (144) is consistent with the earlier premise that γ1 = 0, see
Assumption 2.
Lemma 11. Let rank(Aγpq) = Q−1, and let the direction kˆ/‖kˆ‖ be fixed. If (144) holds for some
κ = ‖kˆ‖ > 0, then it holds for all κ > 0.
Proof. From (140), we see that
Aγpq = γqDpq + (θ
(0)
pq · kˆ/κ)iκ, p, q ∈ 1, Q
where γqDpq ∈ R and (θ(0)pq · kˆ/κ) ∈ R are independent of κ. If (144) holds for some κ > 0, then each
of these two terms must vanish identically for (p, q)→ (1, p) and (p, q)→ (p, 1). 
DYNAMIC HOMOGENIZATION AT FINITE WAVELENGTHS AND FREQUENCIES 23
By virtue of (144), (138) becomes identity if: (a) τ = −σω˘2 = 0, and (b) w0q = w0δq1 i.e.
w˜0(x) = w0 ϕ˜
a
n1(x), (145)
for some constant w0 ∈ C. On recalling that γ1 = 0, this result yields γqw0q = 0 (q = 1, Q);
accordingly the O(−1) field equation (137) is solved by
w˜1(x) = w0χ
(1)
1 (x)· ikˆ +
∑
q
w1q ϕ˜
a
nq(x), (146)
up to the O() residual (141). Here w1q∈ C are constants, and χ(1)1 ∈ (H1ap0 (Ya))d uniquely solves
λ˜anρχ
(1)
1 +∇·
(
G(∇χ(1)1 + Iϕ˜an1)
)
+G∇ϕ˜an1 −
∑
r
1
ρ
(0)
r
θ
(0)
r1 ρϕ˜
a
nr = 0 in Ya, (147)
ν ·G(∇χ(1)1 + Iϕ˜an1)|xj=0 = −ν ·G(∇χ(1)1 + Iϕ˜an1)|xj=(1+aj)`j .
With regard to (147), we in particular note that λ˜aj(1) = λ˜
a
n because γ1 = 0. In this setting the O(1)
statement of (68), which accounts for residual (141), reads
− λ˜anρw˜2 −∇·
(
G(∇w˜2+ ikˆw˜1)
)− ikˆ ·(G(∇w˜1 + ikˆw˜0))− σωˆ2ρw˜0
− ρ
∑
q
γqw1q ϕ˜
a
nq = e
ika·x in Ya. (148)
On integrating 〈(148)〉1ϕa by parts, we obtain
− (µ(0)11 : (ikˆ)2 + σωˆ2ρ(0)1 )w0 = 〈eika·x〉1ϕa , (149)
where ρ
(0)
1 and µ
(0)
11 are given respectively by (106) and (117). Note that (149) is formally the same
as (121), catering for the case of repeated eigenvalues.
To identify the remaining Q−1 leading-order projections in terms of w1q (q = 2, Q), we apply the
analysis from Section 55.25.2.3 to (148) with ω˘ 6= 0 to obtain the linear system
−
∑
q>1
Aγpqw1q − σω˘2
∑
q>1
Dpqw1q = 〈eika·x〉pϕa + w0
(
µ
(0)
p1 : (ikˆ)
2 + σω˘2ρ
(1)
p1 ·ikˆ
)
,
ρ
(1)
p1 = 〈ρχ(1)1 〉pϕa , p = 2, Q. (150)
Remark 20. We observe a remarkable similarity between (150) and its repeated-eigenvalues coun-
terpart (123), where the only formal difference is the appearance of a diagonally-perturbed matrix,
Aγpq = Apq + γqDpq, in lieu of Apq. The same comment applies to (143) and (113). As will be seen
shortly, the perturbation contained in Aγpq has the effect of “blunting” the conical dispersion surfaces.
Analogous to the case of repeated eigenvalues, the “full” effective model when rank(Aγpq) = Q−1
is given by w0 solving (149), and w1q (q = 2, Q) solving (150). In terms of the implied dispersion
within the cluster, we further see that (149)–(150) describe a single parabola accompanied by Q−1
“cones”. Note that when computing the “conical” dispersion due to (150), one must set w0 = 0
because (in the absence of a source term) its nontrivial values require by (149) that ω2− λ˜an = O(2),
whereas (150) assumes ω2− λ˜an = O().
7. Numerical results
We next illustrate the analysis by studying the effective wave motion in one-dimensional polyatomic
chains and chessboard-like periodic continua in R2.
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Remark 21. Given the lack of a priori knowledge as to when precisely the nearby eigenvalues model
(Section 6) becomes relevant, we first restrict our asymptotic description to the (second-order) simple
eigenvalue model and the repeated eigenvalue model described respectively Section 4 and Section 5.
Later on, we exercise the results from Section 6 to extend the range of validity of local approximation
as called upon by the comparison with numerical simulations.
7.1. FW-FF homogenization of polyatomic chains. Here, we consider a periodic chain of alter-
nating masses and springs whose unit cell of length ` contains N equidistant masses mj (j = 1, N).
We let cj be the stiffness of spring connecting mj and mj+1. Application of the foregoing the-
ory to polyatomic chains is summarized in Appendix B (electronic supplementary material); see
also [10] for a comprehensive leading-order analysis of lattice structures. Using the short-hand nota-
tion m = (m1, . . .mN) and c = (c1, . . . cN), Fig. 2 plots the FF-FW approximation of the dispersion
relationships for two example polyatomic chains with N = 3, 4. As can be seen from the display,
the second-order model outperforms its leading-order counterpart and covers (for N = 3) with rea-
sonable accuracy at least 50% of the first Brillouin zone. From panel (a), it is further seen that
a one-dimensional, discrete variant of the “full-rank Apq” model (Section 55.25.2.1) effectively de-
scribes the occurence of a double eigenvalue in a triatomic chain at k` = 0. The circled apex region
in panel (b), however, exposes shortcomings of the simple eigenvalue model (Section 4) in situations
involving nearby dispersion branches. One may further note that the simple eigenvalue model de-
scribes well the third and the fourth branch of the tetratomic chain near k` = pi, despite the fact that
their distance is commensurate with that between the first and the second branch inside the circled
region. This suggests that the relevance of the nearby eigenvalue model (Section 6) is controlled by
a parameter that entails both (i) distances between the neighboring eigenvalues, and (ii) incipient
curvatures of the respective dispersion curves.
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Figure 2. Dispersion in polyatomic chains: (a) triatomic chain with m = (1, 2.5, 1)
and c = (1, 1, 0.4), and (b) tetratomic chain with m = (1, 2.0237, 1.3539, 1.6625)
and c = (1, 0.4257, 1.0521, 0.3731). Here ω0 =
√
c1/m1; solid line plots the exact
relationship, and “o” (resp. “x”) marker tracks the leading- (resp. second-) order ap-
proximation.
7.2. FW-FF homogenization of a chessboard-like medium. Consider a chessboard-like peri-
odic medium whose unit cell Y ∈ R2 and the first Brillouin zone B are shown in Fig. 3. For brevity
of notation, we let G = (G1, G2, G3, G4) and r = (ρ1, ρ2, ρ3, ρ4).
7.2.1. Green’s function near the edge of a band gap. We first consider an elastic “chessboard” with `1 =
`2 = 2, G = (1, 1, 1, 1), and r = (1, 101, 201, 101) as in [11], and we seek an effective description of
its response due to a point source acting at frequency ω = 0.1720 that is just inside the first
band gap, see Fig. 1(b). In this case, the results from Section 44.5 apply with nˆ = 1, a = (1, 1),
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`2
<latexit sha1_bas e64="41XZy3bjTNYHbEJA7sg5ScPCnXw= ">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA 8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuE kH/w4kERr/6PN//GSbIHTSxoKKq66e6KU sGN9f1vb219Y3Nru7BT3N3bPzgsHR03jc o0wwZTQul2RA0KLrFhuRXYTjXSJBLYika 3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0 qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0T FBjOoGf2nBCteVM4LTYzQymlI3oADuOSp qgCSfza6fk3Cl9EivtSloyV39PTGhizDi JXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyK M0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuo KILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC 4ggCuowR3UoQEMHuEZXuHNU96L9+59LFr XvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_bas e64="41XZy3bjTNYHbEJA7sg5ScPCnXw= ">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA 8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuE kH/w4kERr/6PN//GSbIHTSxoKKq66e6KU sGN9f1vb219Y3Nru7BT3N3bPzgsHR03jc o0wwZTQul2RA0KLrFhuRXYTjXSJBLYika 3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0 qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0T FBjOoGf2nBCteVM4LTYzQymlI3oADuOSp qgCSfza6fk3Cl9EivtSloyV39PTGhizDi JXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyK M0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuo KILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC 4ggCuowR3UoQEMHuEZXuHNU96L9+59LFr XvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_bas e64="41XZy3bjTNYHbEJA7sg5ScPCnXw= ">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA 8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuE kH/w4kERr/6PN//GSbIHTSxoKKq66e6KU sGN9f1vb219Y3Nru7BT3N3bPzgsHR03jc o0wwZTQul2RA0KLrFhuRXYTjXSJBLYika 3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0 qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0T FBjOoGf2nBCteVM4LTYzQymlI3oADuOSp qgCSfza6fk3Cl9EivtSloyV39PTGhizDi JXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyK M0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuo KILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC 4ggCuowR3UoQEMHuEZXuHNU96L9+59LFr XvHzmBP7A+/wBNqCO4A==</latexit><latexit sha1_bas e64="41XZy3bjTNYHbEJA7sg5ScPCnXw= ">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA 8hd0g6DHoxWME84BkCbOT3mTM7MwyMyuE kH/w4kERr/6PN//GSbIHTSxoKKq66e6KU sGN9f1vb219Y3Nru7BT3N3bPzgsHR03jc o0wwZTQul2RA0KLrFhuRXYTjXSJBLYika 3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0 qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0T FBjOoGf2nBCteVM4LTYzQymlI3oADuOSp qgCSfza6fk3Cl9EivtSloyV39PTGhizDi JXGdC7dAsezPxP6+T2fg6nHCZZhYlWyyK M0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuo KILIVh+eZU0q5XArwT3l+XaTR5HAU7hDC 4ggCuowR3UoQEMHuEZXuHNU96L9+59LFr XvHzmBP7A+/wBNqCO4A==</latexit>
(a)
A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LB bBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUu OmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYb Eo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LB bBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUu OmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYb Eo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LB bBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUu OmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYb Eo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LB bBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUu OmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYb Eo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit> B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dz vPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJb P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dz vPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJb P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dz vPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJb P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur 1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dz vPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJb P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>
C
<latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkD WiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9 t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkD WiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9 t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkD WiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9 t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit><latexit sha1_base64="/9k1Jv5/ArFaNoalXd7NEFzrfuc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lE0GOxF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoJJfe53nlBpHssHM03Qj+hI8pAzaqzUrA/KFbfqLkD WiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9 t+o1ryu1uzyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AleWMxw==</latexit>
k1
<latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUx HSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0O hOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUx HSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0O hOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUx HSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0O hOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit><latexit sha1_base64="RCx9QErSjzP8bpBWYCaoO8qYd7I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lEqMeiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUx HSkSCUbSSPxnk3mxQrbl1dwGyTryC1KBAa1D96g8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZubDKkESJtqWQLNTfEzmNjZnGoe2MKY7NqjcX//N6GUY3QS5UmiFXbLkoyiTBhMw/J0O hOUM5tYQyLeythI2ppgxtPhUbgrf68jppX9U9t+49XNeat0UcZTiDc7gEDxrQhHtogQ8MBDzDK7w5ynlx3p2PZWvJKWZO4Q+czx+8Xo6f</latexit>
k2
<latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYY xHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhM w/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYY xHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhM w/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYY xHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhM w/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit><latexit sha1_base64="ZfDMyuy/8N5PuqCiPWApGHU2Cuk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh 69LBbBU0mKoMeiF48VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SjmaYY xHQkecQZNVbyJ4O8MRtUa27dXYCsE68gNSjQGlS/+sOEZTFKwwTVuue5qQlyqgxnAmeVfqYxpWxCR9izVNIYdZAvjp2RC6sMSZQoW9KQhfp7Iqex1tM4tJ0xNWO96s3F/7xeZqKbIOcyzQxKtlwUZYKYhM w/J0OukBkxtYQyxe2thI2poszYfCo2BG/15XXSbtQ9t+49XNWat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9aSU8ycwh84nz+9446g</latexit>
⇡/`1
<latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1 q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/ PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV// O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit ><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1 q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/ PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV// O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit ><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1 q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/ PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV// O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit ><latexit sha1_base64="5vo9dWtlzDLXtN8zQRRcowk1nC8=">AAAB8XicbVBNS8NAEJ3Ur1 q/qh69LBbBU01E0GPRi8cKthabUDbbSbt0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOBD+HoZuo/ PKHSPJH3ZpxiENOB5BFn1Fjp0U/5mY9C9LxetebW3RnIMvEKUoMCzV71y+8nLItRGiao1l3PTU2QU2U4Ezip+JnGlLIRHWDXUklj1EE+u3hCTqzSJ1GibElDZurviZzGWo/j0HbG1Az1ojcV// O6mYmugpzLNDMo2XxRlAliEjJ9n/S5QmbE2BLKFLe3EjakijJjQ6rYELzFl5dJ+7zuuXXv7qLWuC7iKMMRHMMpeHAJDbiFJrSAgYRneIU3RzsvzrvzMW8tOcXMIfyB8/kD70OQaw==</latexit >
⇡/`2
<latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3U r1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H odua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpm aol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQb A==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3U r1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H odua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpm aol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQb A==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3U r1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H odua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpm aol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQb A==</latexit><latexit sha1_base64="GL5Agr/jsWjbg+sEkZE23rUjtwE=">AAAB8XicbVBNS8NAEJ3U r1q/qh69LBbBU02KoMeiF48V7Ac2oWy2k3bpZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+H odua3n1BpnsgHM04xiOlA8ogzaqz06Kf8wkcherVeueJW3TnIKvFyUoEcjV75y+8nLItRGiao1l3PTU0wocpwJnBa8jONKWUjOsCupZLGqIPJ/OIpObNKn0SJsiUNmau/JyY01noch7Yzpm aol72Z+J/XzUx0HUy4TDODki0WRZkgJiGz90mfK2RGjC2hTHF7K2FDqigzNqSSDcFbfnmVtGpVz61695eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8f8MeQb A==</latexit>
 ⇡/`2
<latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1 q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3 n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M /zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexi t><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1 q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3 n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M /zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexi t><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1 q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3 n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M /zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexi t><latexit sha1_base64="0dHIzCgYL6Be7p5X7MNjxE6NSeM=">AAAB8nicbVBNS8NAEN3Ur1 q/qh69LBbBizUpgh6LXjxWsB+QhLLZTtqlm92wuxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZotCmkkvVi4gGzgS0DTMceqkCkkQcutH4buZ3 n0BpJsWjmaQQJmQoWMwoMVbyL4KUXQbAeb/Rr9bcujsHXiVeQWqoQKtf/QoGkmYJCEM50dr33NSEOVGGUQ7TSpBpSAkdkyH4lgqSgA7z+clTfGaVAY6lsiUMnqu/J3KSaD1JItuZEDPSy95M/M /zMxPfhDkTaWZA0MWiOOPYSDz7Hw+YAmr4xBJCFbO3YjoiilBjU6rYELzll1dJp1H33Lr3cFVr3hZxlNEJOkXnyEPXqInuUQu1EUUSPaNX9OYY58V5dz4WrSWnmDlGf+B8/gBbwpCj</latexi t>
 ⇡/`1
<latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur 1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O /XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0 ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=< /latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur 1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O /XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0 ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=< /latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur 1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O /XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0 ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=< /latexit><latexit sha1_base64="xq8W7R361ETwi4gc5PiFC8AkT3Y=">AAAB8nicbVBNS8NAEN3Ur 1q/qh69LBbBizURQY9FLx4rWFtIQtlsJ+3SzSbsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KJPCoOt+O6WV1bX1jfJmZWt7Z3evun/waNJcc2jxVKa6EzEDUihooUAJnUwDSyIJ7Wh4O /XbT6CNSNUDjjIIE9ZXIhacoZX8syAT5wFI2fW61Zpbd2egy8QrSI0UaHarX0Ev5XkCCrlkxviem2E4ZhoFlzCpBLmBjPEh64NvqWIJmHA8O3lCT6zSo3GqbSmkM/X3xJglxoySyHYmDAdm0 ZuK/3l+jvF1OBYqyxEUny+Kc0kxpdP/aU9o4ChHljCuhb2V8gHTjKNNqWJD8BZfXiaPF3XPrXv3l7XGTRFHmRyRY3JKPHJFGuSONEmLcJKSZ/JK3hx0Xpx352PeWnKKmUPyB87nD1o+kKI=< /latexit>
(b)
y0 = ( `12 ,
`2
2 )
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Figure 3. Chessboard-like medium: (a) unit cell of periodicity Y , and (b) first Bril-
louin zone B.
and 2 = ω2 − λ˜a1 = 1.374 × 10−4. Placing the point source, δ(y − y′), as in Fig. 3(a), we find
that ϕ˜anˆ(y
′) = 0.9161 and χ(1)(y′) = (−1.704,−1.704). For such loading configuration, Fig. 4(a) com-
pares the respective solutions U
(i)
a and U
(ii)
a of (94) with F (y−y′) given by (95) along line y2−y′2 = 14`2.
Here U
(ii)
a is given by (96), while U
(i)
a is evaluated by integrating (91) numerically over Ba. For com-
pleteness, also included in the display are the leading-order components of U
(i)
a and U
(ii)
a , obtained
by discarding the “dipole” contributions on the right hand-sides of (91) and (96), i.e. those terms
multiplied by χ(1)(y′). We first note that approximation (i) and approximation (ii) give similar result
away from y1 − y′1 = 0. The difference between U (i)a and U (ii)a on the one hand and their leading-
order counterparts on the other is, however, striking in that the former bring about a directivity of
wave motion that is absent from the leading-order approximation. This is highlighted in Fig. 4(b),
which compares the effective solution envelope ±max |ϕ˜anˆ|U (ii)a (y) due to (92) and (96) with the cor-
responding numerical simulation [11]. It is apparent that ±max |ϕ˜anˆ|U (ii)a (y) provides notably better
effective description of the numerical simulation than the reference envelope 1
2pi
K1(α‖y‖) [11], cf. (96),
in terms of both magnitude and directivity of the wave motion. For completeness the specifics of
numerical implementation, including a tabulated comparison of the effective coefficients ρ(0) and µ(0)
with those in [11], is provided in Appendix C (electronic supplementary material).
7.2.2. Dispersion in a medium with variable shear modulus. We next consider the dispersion in a
chesboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4), and r = (1, 2, 1, 2). This configuration,
examined in [20] from the LW-LF standpoint, differs from the previous example for it features a
variable shear modulus. Using the results from Section 4 and Section 5, asymptotic approximations
of the first eight dispersion branches computed and shown in Fig. 5 along the Brillouin contour ABC,
see Fig. 3(b). The leading-order approximations are plotted for all branches and all apex points,
while their second-order counterparts are shown only for those pairs (ka, ωan) featuring isolated
eigenvalues λ˜an. As can be seen from the display, the second-order model brings about notable
improvement in the asymptotic description of the first, second, and sixth branch near apex A; however
this observation does not apply to the third branch, see the circled apex region, due to the proximity
of neighboring eigenvalues (this issue will be addressed shortly). From Fig. 5, one may also note that
apex B features distinct asymptotic behaviors in directions BA and BC. Indeed, in direction BA
the local approximation is linear (rank(Apq) = 2) and the use is made of the generalized eigenvalue
problem stemming from (113) to determine the germane slopes, see also Remark 14. In direction BC,
on the other hand, the local variation is quadratic (rank(Apq) = 0) and the germane curvatures
are computed from the generalized eigenvalue problem due to (116). Finally, we observe that the
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Numerical [9]
<latexit sha1_base64="/pUEhpryVo83hrZIX8XIeRAZ7X0=">AAAk/nicnZpZbxvJEYC5m2ujXN4kb3 kZRXTg7K4FUWsjFwKstLYpG7Zli5JsrEYi5ughJ5yLPT0Upd4B8lPyFCABgrzmd+Qt/ybVPUNypqp1WYAlTtfX1dXVNd3VRbtZFOZia+t/H338ne9+7/s/+OSHaz/68U9++rN7n/78OE8L7rEjL41S/t51chaFCTsS oYjY+4wzJ3Yj9s6dfK3k72aM52GaHIqLjJ3GzigJg9BzBDQN7/3SFmwu5OsiZhwaI+vkD6fl8N7G1uaW/rHoh179YaNT/7wZfrrxX9tPPVCSCC9y8vykt5WJU+lwEXoRK9fsImeZ402cETuBj4kTs/wLfxZmuf54KvV MSus+CH0rSDn8S4SlW9fu25wl7NxL49hJfGnz2GeBU0SilNl4Bp2sHR46UXMQ6cR5fhG7IIwdMc6xTDUaZeACngc5slgEvz+VYZIVgiVeZWVQRJZILeVTyw8580R0AR8cj4cwZ8sbO9zxBHh+zQZr7adSVp62RZhcyK cl/KzZTxh4i7NXYMZOlI0dlwGgjAIzSrn/alBKL84vShmXMgEevBCxZCTG0p44E6dqWfrF98uT3qm0M54KsMfOmRDpeegvcdDtpnPZ3eh1yxLGmTB4PNGyU9m13SKMfM4iaecwi0zUv8UFrKCdQhTJjV7ZLdGozpiz oDzZPpXYHMZ1sx2AJ6QPfeHXNu5+mBdZKc+a3rEOS0wd5IVbymGLOiDUcwP13ESRESn11EA9JdQ3Bio1UcQuSl0uqPXrOYgsf6VNP2EkTwOxQvQTRlI3XxmuHgiQCWSzVE2EE7xg2AW6DYMsgxHV7zBKEyTL5qUFoeR 5sIHk6iXIhcPh9cY6AjMXYG5k5kbAtcFBUMpB2/iAWD5wCeQS6CVoemnQhAZME3ZziIrzlEB2Ms8rtM3+hUE01CjV5M+cldSswmbTmcO1i7yJfv0dtReV8s9tZRUX6y0GsWdqZ6g6tIePPFdtOxELhA0bdxExueXBZ ra1+Vj9tcc57LFMPtza7KlHHo7GYhNNga90bJIORKNWYZelhS3Jl1oefKgh+Z0N+a3BIZ7ZIV8+voNDvNvYUWlcOIT4Y7qczckHO2R6Z4+cmgzxjIY8upMht3LJo2sNWep48KErk995ZWiE5K5rNOMu7liquK03qBnT pY4PXpXpnc0gi+Kyaal+j8JEsmmhs1ZysGiGwceriEjbAelVhARJAoIkTYrYhWwFD+00hk4czp0LOrSzHNpMuHO+1GJWoQGlYiFub7rzXNbO+0z5Ko7RrjxvA9sESFgDeGhSkczbhEFH3Ca+1MRalds6kGlXaWuaqe zc2oEGkiZCiqGPDhUO31obPata8W9Ly0JrkvK4ZjNIoqOIRfa67rC+bChRnzCZVT10rgmZpjqP8FIXsV5s4Yws28YZUxEKZpUVZv3GqjLlZZz3HqvUB61skKjFTxw3Ipk4i0OVgIBZkmS8btBXMjeNfHVFSSPZJ8gOI nYI8QIRLwjxChGvCPEWEW8JsYeIPUIkiCDvHpwQbcIhhIsI1+DqG4cJ3iDkjQERivFrnIgzpIGkn27AEMIocg7IOdkFUL856XeBCLqT3Dz2JSIuCTFCxIgS2kcCroJM80ge6sBW+SSPZUguDTq01V1RFSQMgT2v1lrl m21vYDBGhpINxQ1u9mnwHiHvDUgjJgxigTQYtoFDhBwakJZTA0LM+EpelLI8q65L1Bre0iOa6P02WwCZYQW3iHDVryCtM9RxRjr6iPAJ8RwRz+ngN+97wRFCjihyjJBjg5bGqhs0PEManmFkZ7CopmhMHX5W197xnI gUSI6M6JEJdeepHjiYV5UFlE8pIa/qBPjFv0zJq29S4c6rl+aSiTP6vvBv9ACGfupAX97x9elO46Y2vdClBXSfzeDSW4dtdkVwi6yBYNl0KZtimVKdmVVmQVC2nFKU9RxCofYuhE+Bnp4t1kpXPJ7Rekem5mmaZKZfz mzhJWMNBF6k2k0zgwY3yMNRIzDhiSoYtJCBAZnkIQoGe052ahUCmIImejgzIfAJbps4GFVl2Xhr10Mjdr4iqWGThWxi2PHD8sZ5BfOVGXBE4ExRKWkCRMHqhDKcJ++QJ94ZMgRd5moaOXP4oupFU44cT0m1UGxMsLE BUwHTxqAlpmulw6YNDkzgjq5DLyrSdDfeXclV1VzuYuCFBl7g1q91NyVU5U5Sveu3hyVZxMu2/CWW76/kcB+YyH1SdNYAeCewyFF8WBl3eJVxSp42gUW99ou6YJvRYqvuE9/UqV08jMOE6DlqT/yIVHV4msEwXFUZ2x tZ187iLt3MuNp1uao3IvxzIxyb4YcVjBfxuiXca0r3aFkWBdaA1DVDncqsW3+01/FZVYtsz08FkfqMZ42vJdSNUoROZKmvJ1YP5NJ2cFCb47rygGS9ek9PYzbCF8H9fXW5398/kw/LofGM2t9XgLFrvJCo3kTqLaRD 6ZGCtQrQvgNPhlNmkOZNqf7Cwfj2D9KUgJWlxBixMKb6OgBFwkILble9+qYekEWoTvDnjE4O0t5KKAxC1c/USXUx8TAEvzJ/0BuqLt+oD1cxM142UvLrsvcZH5TVX/Dl4LUpva8AoYEnJg39lYY+N8ymkRsUhv7tewj N4kEBr/M4cc1EFtDsGihrmGK4Z4iGmFyqmkmOMTabiZLxjIM5HtUAye9BVtQy4iOQZbUsI9uS31fu/1O1TfslRDaSi7FOUVYEnP1iDOnSsMp6MH/cxo+vwPQmsVIKj+hSrsImTMSw3jnxMa1Wa9e8/wyUbGCW9fUq98 3CXe627vpL/dg2PXpt3S4J2bDfEOuIRgvtl3UItL8Pe0K/9EzM5Gt6Nu2GjdNntxz28NzStnwby92WnKbWPG2nV1v0pnebHL1ADI3WClm80C0SK1PvCy5lECag0JCkQG41ahS5cIROmLAqQ2zO6wbM31g96DuLM0Kd MqR2C96qrk3zsL6dYjfMzG6YkSn2q/x8OdZ12XmltT3N2dXT9N1jxB9fCzNMD9n1fE46SP2Vrsr14O9nMFkLUqJrdBALUZmk2XV4b6OH/88P/XC8vdnb2uy9fbTx1W79/4E+6fyq8+vOg06v87vOV529zpvOUcfrXHb +1vlH55/dv3b/3v1X998V+vFHdZ9fdFo/3f/8H4nzfD0=</latexit><latexit sha1_base64="/pUEhpryVo83hrZIX8XIeRAZ7X0=">AAAk/nicnZpZbxvJEYC5m2ujXN4kb3 kZRXTg7K4FUWsjFwKstLYpG7Zli5JsrEYi5ughJ5yLPT0Upd4B8lPyFCABgrzmd+Qt/ybVPUNypqp1WYAlTtfX1dXVNd3VRbtZFOZia+t/H338ne9+7/s/+OSHaz/68U9++rN7n/78OE8L7rEjL41S/t51chaFCTsS oYjY+4wzJ3Yj9s6dfK3k72aM52GaHIqLjJ3GzigJg9BzBDQN7/3SFmwu5OsiZhwaI+vkD6fl8N7G1uaW/rHoh179YaNT/7wZfrrxX9tPPVCSCC9y8vykt5WJU+lwEXoRK9fsImeZ402cETuBj4kTs/wLfxZmuf54KvV MSus+CH0rSDn8S4SlW9fu25wl7NxL49hJfGnz2GeBU0SilNl4Bp2sHR46UXMQ6cR5fhG7IIwdMc6xTDUaZeACngc5slgEvz+VYZIVgiVeZWVQRJZILeVTyw8580R0AR8cj4cwZ8sbO9zxBHh+zQZr7adSVp62RZhcyK cl/KzZTxh4i7NXYMZOlI0dlwGgjAIzSrn/alBKL84vShmXMgEevBCxZCTG0p44E6dqWfrF98uT3qm0M54KsMfOmRDpeegvcdDtpnPZ3eh1yxLGmTB4PNGyU9m13SKMfM4iaecwi0zUv8UFrKCdQhTJjV7ZLdGozpiz oDzZPpXYHMZ1sx2AJ6QPfeHXNu5+mBdZKc+a3rEOS0wd5IVbymGLOiDUcwP13ESRESn11EA9JdQ3Bio1UcQuSl0uqPXrOYgsf6VNP2EkTwOxQvQTRlI3XxmuHgiQCWSzVE2EE7xg2AW6DYMsgxHV7zBKEyTL5qUFoeR 5sIHk6iXIhcPh9cY6AjMXYG5k5kbAtcFBUMpB2/iAWD5wCeQS6CVoemnQhAZME3ZziIrzlEB2Ms8rtM3+hUE01CjV5M+cldSswmbTmcO1i7yJfv0dtReV8s9tZRUX6y0GsWdqZ6g6tIePPFdtOxELhA0bdxExueXBZ ra1+Vj9tcc57LFMPtza7KlHHo7GYhNNga90bJIORKNWYZelhS3Jl1oefKgh+Z0N+a3BIZ7ZIV8+voNDvNvYUWlcOIT4Y7qczckHO2R6Z4+cmgzxjIY8upMht3LJo2sNWep48KErk995ZWiE5K5rNOMu7liquK03qBnT pY4PXpXpnc0gi+Kyaal+j8JEsmmhs1ZysGiGwceriEjbAelVhARJAoIkTYrYhWwFD+00hk4czp0LOrSzHNpMuHO+1GJWoQGlYiFub7rzXNbO+0z5Ko7RrjxvA9sESFgDeGhSkczbhEFH3Ca+1MRalds6kGlXaWuaqe zc2oEGkiZCiqGPDhUO31obPata8W9Ly0JrkvK4ZjNIoqOIRfa67rC+bChRnzCZVT10rgmZpjqP8FIXsV5s4Yws28YZUxEKZpUVZv3GqjLlZZz3HqvUB61skKjFTxw3Ipk4i0OVgIBZkmS8btBXMjeNfHVFSSPZJ8gOI nYI8QIRLwjxChGvCPEWEW8JsYeIPUIkiCDvHpwQbcIhhIsI1+DqG4cJ3iDkjQERivFrnIgzpIGkn27AEMIocg7IOdkFUL856XeBCLqT3Dz2JSIuCTFCxIgS2kcCroJM80ge6sBW+SSPZUguDTq01V1RFSQMgT2v1lrl m21vYDBGhpINxQ1u9mnwHiHvDUgjJgxigTQYtoFDhBwakJZTA0LM+EpelLI8q65L1Bre0iOa6P02WwCZYQW3iHDVryCtM9RxRjr6iPAJ8RwRz+ngN+97wRFCjihyjJBjg5bGqhs0PEManmFkZ7CopmhMHX5W197xnI gUSI6M6JEJdeepHjiYV5UFlE8pIa/qBPjFv0zJq29S4c6rl+aSiTP6vvBv9ACGfupAX97x9elO46Y2vdClBXSfzeDSW4dtdkVwi6yBYNl0KZtimVKdmVVmQVC2nFKU9RxCofYuhE+Bnp4t1kpXPJ7Rekem5mmaZKZfz mzhJWMNBF6k2k0zgwY3yMNRIzDhiSoYtJCBAZnkIQoGe052ahUCmIImejgzIfAJbps4GFVl2Xhr10Mjdr4iqWGThWxi2PHD8sZ5BfOVGXBE4ExRKWkCRMHqhDKcJ++QJ94ZMgRd5moaOXP4oupFU44cT0m1UGxMsLE BUwHTxqAlpmulw6YNDkzgjq5DLyrSdDfeXclV1VzuYuCFBl7g1q91NyVU5U5Sveu3hyVZxMu2/CWW76/kcB+YyH1SdNYAeCewyFF8WBl3eJVxSp42gUW99ou6YJvRYqvuE9/UqV08jMOE6DlqT/yIVHV4msEwXFUZ2x tZ187iLt3MuNp1uao3IvxzIxyb4YcVjBfxuiXca0r3aFkWBdaA1DVDncqsW3+01/FZVYtsz08FkfqMZ42vJdSNUoROZKmvJ1YP5NJ2cFCb47rygGS9ek9PYzbCF8H9fXW5398/kw/LofGM2t9XgLFrvJCo3kTqLaRD 6ZGCtQrQvgNPhlNmkOZNqf7Cwfj2D9KUgJWlxBixMKb6OgBFwkILble9+qYekEWoTvDnjE4O0t5KKAxC1c/USXUx8TAEvzJ/0BuqLt+oD1cxM142UvLrsvcZH5TVX/Dl4LUpva8AoYEnJg39lYY+N8ymkRsUhv7tewj N4kEBr/M4cc1EFtDsGihrmGK4Z4iGmFyqmkmOMTabiZLxjIM5HtUAye9BVtQy4iOQZbUsI9uS31fu/1O1TfslRDaSi7FOUVYEnP1iDOnSsMp6MH/cxo+vwPQmsVIKj+hSrsImTMSw3jnxMa1Wa9e8/wyUbGCW9fUq98 3CXe627vpL/dg2PXpt3S4J2bDfEOuIRgvtl3UItL8Pe0K/9EzM5Gt6Nu2GjdNntxz28NzStnwby92WnKbWPG2nV1v0pnebHL1ADI3WClm80C0SK1PvCy5lECag0JCkQG41ahS5cIROmLAqQ2zO6wbM31g96DuLM0Kd MqR2C96qrk3zsL6dYjfMzG6YkSn2q/x8OdZ12XmltT3N2dXT9N1jxB9fCzNMD9n1fE46SP2Vrsr14O9nMFkLUqJrdBALUZmk2XV4b6OH/88P/XC8vdnb2uy9fbTx1W79/4E+6fyq8+vOg06v87vOV529zpvOUcfrXHb +1vlH55/dv3b/3v1X998V+vFHdZ9fdFo/3f/8H4nzfD0=</latexit><latexit sha1_base64="/pUEhpryVo83hrZIX8XIeRAZ7X0=">AAAk/nicnZpZbxvJEYC5m2ujXN4kb3 kZRXTg7K4FUWsjFwKstLYpG7Zli5JsrEYi5ughJ5yLPT0Upd4B8lPyFCABgrzmd+Qt/ybVPUNypqp1WYAlTtfX1dXVNd3VRbtZFOZia+t/H338ne9+7/s/+OSHaz/68U9++rN7n/78OE8L7rEjL41S/t51chaFCTsS oYjY+4wzJ3Yj9s6dfK3k72aM52GaHIqLjJ3GzigJg9BzBDQN7/3SFmwu5OsiZhwaI+vkD6fl8N7G1uaW/rHoh179YaNT/7wZfrrxX9tPPVCSCC9y8vykt5WJU+lwEXoRK9fsImeZ402cETuBj4kTs/wLfxZmuf54KvV MSus+CH0rSDn8S4SlW9fu25wl7NxL49hJfGnz2GeBU0SilNl4Bp2sHR46UXMQ6cR5fhG7IIwdMc6xTDUaZeACngc5slgEvz+VYZIVgiVeZWVQRJZILeVTyw8580R0AR8cj4cwZ8sbO9zxBHh+zQZr7adSVp62RZhcyK cl/KzZTxh4i7NXYMZOlI0dlwGgjAIzSrn/alBKL84vShmXMgEevBCxZCTG0p44E6dqWfrF98uT3qm0M54KsMfOmRDpeegvcdDtpnPZ3eh1yxLGmTB4PNGyU9m13SKMfM4iaecwi0zUv8UFrKCdQhTJjV7ZLdGozpiz oDzZPpXYHMZ1sx2AJ6QPfeHXNu5+mBdZKc+a3rEOS0wd5IVbymGLOiDUcwP13ESRESn11EA9JdQ3Bio1UcQuSl0uqPXrOYgsf6VNP2EkTwOxQvQTRlI3XxmuHgiQCWSzVE2EE7xg2AW6DYMsgxHV7zBKEyTL5qUFoeR 5sIHk6iXIhcPh9cY6AjMXYG5k5kbAtcFBUMpB2/iAWD5wCeQS6CVoemnQhAZME3ZziIrzlEB2Ms8rtM3+hUE01CjV5M+cldSswmbTmcO1i7yJfv0dtReV8s9tZRUX6y0GsWdqZ6g6tIePPFdtOxELhA0bdxExueXBZ ra1+Vj9tcc57LFMPtza7KlHHo7GYhNNga90bJIORKNWYZelhS3Jl1oefKgh+Z0N+a3BIZ7ZIV8+voNDvNvYUWlcOIT4Y7qczckHO2R6Z4+cmgzxjIY8upMht3LJo2sNWep48KErk995ZWiE5K5rNOMu7liquK03qBnT pY4PXpXpnc0gi+Kyaal+j8JEsmmhs1ZysGiGwceriEjbAelVhARJAoIkTYrYhWwFD+00hk4czp0LOrSzHNpMuHO+1GJWoQGlYiFub7rzXNbO+0z5Ko7RrjxvA9sESFgDeGhSkczbhEFH3Ca+1MRalds6kGlXaWuaqe zc2oEGkiZCiqGPDhUO31obPata8W9Ly0JrkvK4ZjNIoqOIRfa67rC+bChRnzCZVT10rgmZpjqP8FIXsV5s4Yws28YZUxEKZpUVZv3GqjLlZZz3HqvUB61skKjFTxw3Ipk4i0OVgIBZkmS8btBXMjeNfHVFSSPZJ8gOI nYI8QIRLwjxChGvCPEWEW8JsYeIPUIkiCDvHpwQbcIhhIsI1+DqG4cJ3iDkjQERivFrnIgzpIGkn27AEMIocg7IOdkFUL856XeBCLqT3Dz2JSIuCTFCxIgS2kcCroJM80ge6sBW+SSPZUguDTq01V1RFSQMgT2v1lrl m21vYDBGhpINxQ1u9mnwHiHvDUgjJgxigTQYtoFDhBwakJZTA0LM+EpelLI8q65L1Bre0iOa6P02WwCZYQW3iHDVryCtM9RxRjr6iPAJ8RwRz+ngN+97wRFCjihyjJBjg5bGqhs0PEManmFkZ7CopmhMHX5W197xnI gUSI6M6JEJdeepHjiYV5UFlE8pIa/qBPjFv0zJq29S4c6rl+aSiTP6vvBv9ACGfupAX97x9elO46Y2vdClBXSfzeDSW4dtdkVwi6yBYNl0KZtimVKdmVVmQVC2nFKU9RxCofYuhE+Bnp4t1kpXPJ7Rekem5mmaZKZfz mzhJWMNBF6k2k0zgwY3yMNRIzDhiSoYtJCBAZnkIQoGe052ahUCmIImejgzIfAJbps4GFVl2Xhr10Mjdr4iqWGThWxi2PHD8sZ5BfOVGXBE4ExRKWkCRMHqhDKcJ++QJ94ZMgRd5moaOXP4oupFU44cT0m1UGxMsLE BUwHTxqAlpmulw6YNDkzgjq5DLyrSdDfeXclV1VzuYuCFBl7g1q91NyVU5U5Sveu3hyVZxMu2/CWW76/kcB+YyH1SdNYAeCewyFF8WBl3eJVxSp42gUW99ou6YJvRYqvuE9/UqV08jMOE6DlqT/yIVHV4msEwXFUZ2x tZ187iLt3MuNp1uao3IvxzIxyb4YcVjBfxuiXca0r3aFkWBdaA1DVDncqsW3+01/FZVYtsz08FkfqMZ42vJdSNUoROZKmvJ1YP5NJ2cFCb47rygGS9ek9PYzbCF8H9fXW5398/kw/LofGM2t9XgLFrvJCo3kTqLaRD 6ZGCtQrQvgNPhlNmkOZNqf7Cwfj2D9KUgJWlxBixMKb6OgBFwkILble9+qYekEWoTvDnjE4O0t5KKAxC1c/USXUx8TAEvzJ/0BuqLt+oD1cxM142UvLrsvcZH5TVX/Dl4LUpva8AoYEnJg39lYY+N8ymkRsUhv7tewj N4kEBr/M4cc1EFtDsGihrmGK4Z4iGmFyqmkmOMTabiZLxjIM5HtUAye9BVtQy4iOQZbUsI9uS31fu/1O1TfslRDaSi7FOUVYEnP1iDOnSsMp6MH/cxo+vwPQmsVIKj+hSrsImTMSw3jnxMa1Wa9e8/wyUbGCW9fUq98 3CXe627vpL/dg2PXpt3S4J2bDfEOuIRgvtl3UItL8Pe0K/9EzM5Gt6Nu2GjdNntxz28NzStnwby92WnKbWPG2nV1v0pnebHL1ADI3WClm80C0SK1PvCy5lECag0JCkQG41ahS5cIROmLAqQ2zO6wbM31g96DuLM0Kd MqR2C96qrk3zsL6dYjfMzG6YkSn2q/x8OdZ12XmltT3N2dXT9N1jxB9fCzNMD9n1fE46SP2Vrsr14O9nMFkLUqJrdBALUZmk2XV4b6OH/88P/XC8vdnb2uy9fbTx1W79/4E+6fyq8+vOg06v87vOV529zpvOUcfrXHb +1vlH55/dv3b/3v1X998V+vFHdZ9fdFo/3f/8H4nzfD0=</latexit><latexit sha1_base64="/pUEhpryVo83hrZIX8XIeRAZ7X0=">AAAk/nicnZpZbxvJEYC5m2ujXN4kb3 kZRXTg7K4FUWsjFwKstLYpG7Zli5JsrEYi5ughJ5yLPT0Upd4B8lPyFCABgrzmd+Qt/ybVPUNypqp1WYAlTtfX1dXVNd3VRbtZFOZia+t/H338ne9+7/s/+OSHaz/68U9++rN7n/78OE8L7rEjL41S/t51chaFCTsS oYjY+4wzJ3Yj9s6dfK3k72aM52GaHIqLjJ3GzigJg9BzBDQN7/3SFmwu5OsiZhwaI+vkD6fl8N7G1uaW/rHoh179YaNT/7wZfrrxX9tPPVCSCC9y8vykt5WJU+lwEXoRK9fsImeZ402cETuBj4kTs/wLfxZmuf54KvV MSus+CH0rSDn8S4SlW9fu25wl7NxL49hJfGnz2GeBU0SilNl4Bp2sHR46UXMQ6cR5fhG7IIwdMc6xTDUaZeACngc5slgEvz+VYZIVgiVeZWVQRJZILeVTyw8580R0AR8cj4cwZ8sbO9zxBHh+zQZr7adSVp62RZhcyK cl/KzZTxh4i7NXYMZOlI0dlwGgjAIzSrn/alBKL84vShmXMgEevBCxZCTG0p44E6dqWfrF98uT3qm0M54KsMfOmRDpeegvcdDtpnPZ3eh1yxLGmTB4PNGyU9m13SKMfM4iaecwi0zUv8UFrKCdQhTJjV7ZLdGozpiz oDzZPpXYHMZ1sx2AJ6QPfeHXNu5+mBdZKc+a3rEOS0wd5IVbymGLOiDUcwP13ESRESn11EA9JdQ3Bio1UcQuSl0uqPXrOYgsf6VNP2EkTwOxQvQTRlI3XxmuHgiQCWSzVE2EE7xg2AW6DYMsgxHV7zBKEyTL5qUFoeR 5sIHk6iXIhcPh9cY6AjMXYG5k5kbAtcFBUMpB2/iAWD5wCeQS6CVoemnQhAZME3ZziIrzlEB2Ms8rtM3+hUE01CjV5M+cldSswmbTmcO1i7yJfv0dtReV8s9tZRUX6y0GsWdqZ6g6tIePPFdtOxELhA0bdxExueXBZ ra1+Vj9tcc57LFMPtza7KlHHo7GYhNNga90bJIORKNWYZelhS3Jl1oefKgh+Z0N+a3BIZ7ZIV8+voNDvNvYUWlcOIT4Y7qczckHO2R6Z4+cmgzxjIY8upMht3LJo2sNWep48KErk995ZWiE5K5rNOMu7liquK03qBnT pY4PXpXpnc0gi+Kyaal+j8JEsmmhs1ZysGiGwceriEjbAelVhARJAoIkTYrYhWwFD+00hk4czp0LOrSzHNpMuHO+1GJWoQGlYiFub7rzXNbO+0z5Ko7RrjxvA9sESFgDeGhSkczbhEFH3Ca+1MRalds6kGlXaWuaqe zc2oEGkiZCiqGPDhUO31obPata8W9Ly0JrkvK4ZjNIoqOIRfa67rC+bChRnzCZVT10rgmZpjqP8FIXsV5s4Yws28YZUxEKZpUVZv3GqjLlZZz3HqvUB61skKjFTxw3Ipk4i0OVgIBZkmS8btBXMjeNfHVFSSPZJ8gOI nYI8QIRLwjxChGvCPEWEW8JsYeIPUIkiCDvHpwQbcIhhIsI1+DqG4cJ3iDkjQERivFrnIgzpIGkn27AEMIocg7IOdkFUL856XeBCLqT3Dz2JSIuCTFCxIgS2kcCroJM80ge6sBW+SSPZUguDTq01V1RFSQMgT2v1lrl m21vYDBGhpINxQ1u9mnwHiHvDUgjJgxigTQYtoFDhBwakJZTA0LM+EpelLI8q65L1Bre0iOa6P02WwCZYQW3iHDVryCtM9RxRjr6iPAJ8RwRz+ngN+97wRFCjihyjJBjg5bGqhs0PEManmFkZ7CopmhMHX5W197xnI gUSI6M6JEJdeepHjiYV5UFlE8pIa/qBPjFv0zJq29S4c6rl+aSiTP6vvBv9ACGfupAX97x9elO46Y2vdClBXSfzeDSW4dtdkVwi6yBYNl0KZtimVKdmVVmQVC2nFKU9RxCofYuhE+Bnp4t1kpXPJ7Rekem5mmaZKZfz mzhJWMNBF6k2k0zgwY3yMNRIzDhiSoYtJCBAZnkIQoGe052ahUCmIImejgzIfAJbps4GFVl2Xhr10Mjdr4iqWGThWxi2PHD8sZ5BfOVGXBE4ExRKWkCRMHqhDKcJ++QJ94ZMgRd5moaOXP4oupFU44cT0m1UGxMsLE BUwHTxqAlpmulw6YNDkzgjq5DLyrSdDfeXclV1VzuYuCFBl7g1q91NyVU5U5Sveu3hyVZxMu2/CWW76/kcB+YyH1SdNYAeCewyFF8WBl3eJVxSp42gUW99ou6YJvRYqvuE9/UqV08jMOE6DlqT/yIVHV4msEwXFUZ2x tZ187iLt3MuNp1uao3IvxzIxyb4YcVjBfxuiXca0r3aFkWBdaA1DVDncqsW3+01/FZVYtsz08FkfqMZ42vJdSNUoROZKmvJ1YP5NJ2cFCb47rygGS9ek9PYzbCF8H9fXW5398/kw/LofGM2t9XgLFrvJCo3kTqLaRD 6ZGCtQrQvgNPhlNmkOZNqf7Cwfj2D9KUgJWlxBixMKb6OgBFwkILble9+qYekEWoTvDnjE4O0t5KKAxC1c/USXUx8TAEvzJ/0BuqLt+oD1cxM142UvLrsvcZH5TVX/Dl4LUpva8AoYEnJg39lYY+N8ymkRsUhv7tewj N4kEBr/M4cc1EFtDsGihrmGK4Z4iGmFyqmkmOMTabiZLxjIM5HtUAye9BVtQy4iOQZbUsI9uS31fu/1O1TfslRDaSi7FOUVYEnP1iDOnSsMp6MH/cxo+vwPQmsVIKj+hSrsImTMSw3jnxMa1Wa9e8/wyUbGCW9fUq98 3CXe627vpL/dg2PXpt3S4J2bDfEOuIRgvtl3UItL8Pe0K/9EzM5Gt6Nu2GjdNntxz28NzStnwby92WnKbWPG2nV1v0pnebHL1ADI3WClm80C0SK1PvCy5lECag0JCkQG41ahS5cIROmLAqQ2zO6wbM31g96DuLM0Kd MqR2C96qrk3zsL6dYjfMzG6YkSn2q/x8OdZ12XmltT3N2dXT9N1jxB9fCzNMD9n1fE46SP2Vrsr14O9nMFkLUqJrdBALUZmk2XV4b6OH/88P/XC8vdnb2uy9fbTx1W79/4E+6fyq8+vOg06v87vOV529zpvOUcfrXHb +1vlH55/dv3b/3v1X998V+vFHdZ9fdFo/3f/8H4nzfD0=</latexit>
±max
Ya
|'˜anˆ|U (ii)a
<latexit sha1_base64="VROne6kaoT7X8KbnwVlKq+pl00g=">AAAlW3icnZrdc9vGEcDppE1SN W2ddvrUF7iSOk5ia0THnnba6UykxKHtsSPbFGU3gsTBx4FEhS8eDjTl8/2Tfen0oX9KZ7p3AElg9yRZ1oxJAPu7vb29xd3e0n6RxKXY3f3PjY8+/tnPP/n0s19s/PLzX/36Nze/+O1RmVc8YKMgT3L+2 vdKlsQZG4lYJOx1wZmX+gl75Z99p+Wv5oyXcZ4divOCnaTeJIujOPAEPBrfnLlF6qbeYiz/MZaunydheZ7Cl/SUUu9cESchk+7c48U0VkBMPSEzpU4x+86944yIBsDgciFBT3bu3I7jL5Ua39zc3dk1f w696DcXm73m7/n4i81/uWEeVCnLRJB4ZXnc3y3EifS4iIOEqQ23KlnhBWfehB3DZealrLwTzuOiNJcn0rhJOdsgDJ0o5/AvE455urHtcpaxN0Gepl4WSpenIYu8KhFKFtM5NHL2eOwl7U6kl5Z6jCBMPT EtsUw/tMoCL+FlVCKLRfSXExlnRSVYFtRWRlXiiNzRE+aEMWeBSM7hwgt4DGN2gqnHvUDAtG64YK37UIKH2ULUfpYPYeqgj+8ZeIuzZ2DGXlJMPZ8BoI0CM5Q8eDZUMkjLcyVTBVO64YIXEpZNxFS6Z9 6ZVz9Z+SUM1XH/RLoFzwXY45ZMiPxNHK7wZqq3NvtbSkE/Zwxuj43sRG65fgWhxFki3RJGUYjmU5zDDLo5hKjc7KsthXr1ppxF6vjeicTmMG4euxF4QobQFj7u4eaHZVUoedr2jnOoMPWyrHwlxx3qJaE eW6jHNor0SKmHFuohoX6yULmNInZR6u2SunU5B5EVrrWZO4yUeSTWiLnDSO6Xa8P1DQEKgWyW+hHhBK8YdoF5hkFWQI/6M07yDMmKhXIglIIAFpBSvwSl8Di83lhHZOcizE3s3AS4LjiMlBx2jY+I5UO fQD6BnoKmpxZNqMM8Y1eHqHiTE8jNFmWNdtl/MoiGBqWawrm3ltpVuGwGm4dxUXBmXn9Pr0VK/r2rrOZSs8Qg9lSvDHWDbvdJ4OtlJ2GRcGHhrhImdwNYzHZ3Huhvd1rCGsvk3d2dvr7l8WQqdtAQ+Fr HDmlANBoVrlIOtqRcabn9oYaU1zbkS4tDArtDvnlwDYcE72NHrXHpEOKP2Wo0xx/skNm1PXJiMySwGnL/Woa8l0vuX2rISsftD52Z8tozQyOk9H2rGddxx0rF+3qDmjFb6fjgWZld2wwyKT6bKf05iTPJ ZpVJicnGYhgGlxcRibED0qsECbIMBFmeVakP2Qru2mt1nXmce+e0a2/VtZ3wF3ylxa7CAFrFUtxddBelbJz3lfZVmqJVedEF7hEgYy3grk1FtugSFh1pl/jGEBt1butBpl2nrXmhs3NnDx6QNBFSDLN1 6HB452z2nXrG3ynHQXOS87RhC0iik4Ql7i3T4NbqgUJt4mxetzC5JmSaej/CU12lZrKFN3FcF2dMVSyYo2rM+ZNTZ8qrOO8/0KkPmtko05OfeX5CMnGWxjoBAbMkyXj9aKBlrWPYgCB7iNgjxBNEPCHEM 0Q8I8QLRLwgxCNEPCJEhgjy7sEO4eBDJyJ8RPgWV1/ZTfQcIc8tiNBM2OBEXCANJP30I4YQRpE3gLwhqwBqtyDtzhFBV5Kr+36LiLeEmCBiQgnjo6aq4BN5bAJb55M8lTE5NJjQ1mdFXe2wBPainmudb 3a9gcEUGUoWFD+62qfRa4S8tiCtmLCIBdJgWQYOEXJoQTpOjQgx52t5paSuyujjErWGd/SINrrdZSsgC6zgPSJct6vI0zlqOCcNQ0SEhHiMiMe086vXvWiEkBFFjhByZNHSmnWLhh+Qhh8wsjdcVlMMp jc/Z8vdC7yEFEhGVnRkQ/1FbjqOFnVlAeVTWsjrOgF+8d/m5NW3qfAX9UvzlolT+r7wn0wHlnZ6Q1+d8c3uTuOmMb0ypQV0ni3g0NuEbXFBcIuihWDZbCWbYZlWXdhVFlGkOk6pVDOGWOi1C+EzoGedeq ied6JUj9M2yMK8nMXSS9YaCLxIjZvmFg1+VMaTVmDCHVUw7CBDC3JWxigY3AVZqXUIYAoe0c2ZCYF3cNfGQa86y8ZLu+kasYs1SQ07W8rOLCt+rK4cV7RYmwFbBM4UtZI2QBSsdyjLfvIKeeKVJUMwZa 62kXOPL6teNOUo8ZD0E4pNCTa1YDpguhg8SelcmbDpgkMbuGfq0MuKNF2N99dyXTWX+xh4YoAn+Ol3ppkW6nInqd4Nut2SLOJpV/4Uyw/WcjgPnMkDUnQ2AHgncshWfFgbd3iRcVqet4FlvfZOU7AtaL HVtEmvatQtHqZxRvSMugMfkaoOzwvohusqY3ch23KLdIsuZlyvulzXGxH+tRVO7fDdGsaTeNkUPmpLH9GyLAqsIalrxiaVueX81b2F96pG5AZhLog0ZLxo/SyhT5Qi9hJH/zyxviGHtpcvG3N8X74kWa9 Z0/OUTfBB8OBAH+4PDk7lXf3TnGWPOjjQgLVpupTo1kQaLKVjGZCCtQ7QgQd3ll1mmJdtqfnBwfr2D/OcgLWlxBixNKb+OQBFwlILfq5bDWwtIIvQjeDrlA4O0t5aKCxC3c7WSDex8dAFvzB/MAuqKd/ oi4uYOVetlPyy7H3Oh6r+Bl8Of7Sl9zUgDPC9TcNgrWHALaNp5QaVpX33HEKzeFDAmzxOXDKQJTS/BCpapljOGaIlJoeqdpJjjc12omTd42CMowYg+T3IqkZGfASyopEVZFkKB9r9f6uX6VBBZCO5mJoU ZU3A3i+mkC6N66wH80dd/OgCzCwSa6Vwiw7lOmziTIyblRNv03q29u3rz1DLhnbZwMzywC7c537nrL/Sj20zvTfW7ZOQjQctsYloNNGhakKg+3vY9/RHz8xO/kj3pv24tfvsq3Efjy3vyu9hud+R09Sa 5930apee9N4nR68QQ6O1RpYvdIfEyvT7gksZhIkoNCYpkF/3miQ+bKFnTDi1IS7nzQPMX1k9GHjLPULvMqR2C96qj02LuDmdYjfM7W6YkyEO6vx81ddl2XmttTvM+cXDDP0jxB9dCjNMj9nlfEkaSPOT rs714PsrGKwDKdElOoiFqEzSbjq+udnH/+eHXhzd2+nv7vRf3N/8dr/5/0Cf9f7Q+2Pvdq/f+3Pv296j3vPeqBf0/t37341Pbny69d/tj7c3tj+v0Y9uNG1+1+v8bf/+/6XBoMg=</latexit><latexit sha1_base64="VROne6kaoT7X8KbnwVlKq+pl00g=">AAAlW3icnZrdc9vGEcDppE1SN W2ddvrUF7iSOk5ia0THnnba6UykxKHtsSPbFGU3gsTBx4FEhS8eDjTl8/2Tfen0oX9KZ7p3AElg9yRZ1oxJAPu7vb29xd3e0n6RxKXY3f3PjY8+/tnPP/n0s19s/PLzX/36Nze/+O1RmVc8YKMgT3L+2 vdKlsQZG4lYJOx1wZmX+gl75Z99p+Wv5oyXcZ4divOCnaTeJIujOPAEPBrfnLlF6qbeYiz/MZaunydheZ7Cl/SUUu9cESchk+7c48U0VkBMPSEzpU4x+86944yIBsDgciFBT3bu3I7jL5Ua39zc3dk1f w696DcXm73m7/n4i81/uWEeVCnLRJB4ZXnc3y3EifS4iIOEqQ23KlnhBWfehB3DZealrLwTzuOiNJcn0rhJOdsgDJ0o5/AvE455urHtcpaxN0Gepl4WSpenIYu8KhFKFtM5NHL2eOwl7U6kl5Z6jCBMPT EtsUw/tMoCL+FlVCKLRfSXExlnRSVYFtRWRlXiiNzRE+aEMWeBSM7hwgt4DGN2gqnHvUDAtG64YK37UIKH2ULUfpYPYeqgj+8ZeIuzZ2DGXlJMPZ8BoI0CM5Q8eDZUMkjLcyVTBVO64YIXEpZNxFS6Z9 6ZVz9Z+SUM1XH/RLoFzwXY45ZMiPxNHK7wZqq3NvtbSkE/Zwxuj43sRG65fgWhxFki3RJGUYjmU5zDDLo5hKjc7KsthXr1ppxF6vjeicTmMG4euxF4QobQFj7u4eaHZVUoedr2jnOoMPWyrHwlxx3qJaE eW6jHNor0SKmHFuohoX6yULmNInZR6u2SunU5B5EVrrWZO4yUeSTWiLnDSO6Xa8P1DQEKgWyW+hHhBK8YdoF5hkFWQI/6M07yDMmKhXIglIIAFpBSvwSl8Di83lhHZOcizE3s3AS4LjiMlBx2jY+I5UO fQD6BnoKmpxZNqMM8Y1eHqHiTE8jNFmWNdtl/MoiGBqWawrm3ltpVuGwGm4dxUXBmXn9Pr0VK/r2rrOZSs8Qg9lSvDHWDbvdJ4OtlJ2GRcGHhrhImdwNYzHZ3Huhvd1rCGsvk3d2dvr7l8WQqdtAQ+Fr HDmlANBoVrlIOtqRcabn9oYaU1zbkS4tDArtDvnlwDYcE72NHrXHpEOKP2Wo0xx/skNm1PXJiMySwGnL/Woa8l0vuX2rISsftD52Z8tozQyOk9H2rGddxx0rF+3qDmjFb6fjgWZld2wwyKT6bKf05iTPJ ZpVJicnGYhgGlxcRibED0qsECbIMBFmeVakP2Qru2mt1nXmce+e0a2/VtZ3wF3ylxa7CAFrFUtxddBelbJz3lfZVmqJVedEF7hEgYy3grk1FtugSFh1pl/jGEBt1butBpl2nrXmhs3NnDx6QNBFSDLN1 6HB452z2nXrG3ynHQXOS87RhC0iik4Ql7i3T4NbqgUJt4mxetzC5JmSaej/CU12lZrKFN3FcF2dMVSyYo2rM+ZNTZ8qrOO8/0KkPmtko05OfeX5CMnGWxjoBAbMkyXj9aKBlrWPYgCB7iNgjxBNEPCHEM 0Q8I8QLRLwgxCNEPCJEhgjy7sEO4eBDJyJ8RPgWV1/ZTfQcIc8tiNBM2OBEXCANJP30I4YQRpE3gLwhqwBqtyDtzhFBV5Kr+36LiLeEmCBiQgnjo6aq4BN5bAJb55M8lTE5NJjQ1mdFXe2wBPainmudb 3a9gcEUGUoWFD+62qfRa4S8tiCtmLCIBdJgWQYOEXJoQTpOjQgx52t5paSuyujjErWGd/SINrrdZSsgC6zgPSJct6vI0zlqOCcNQ0SEhHiMiMe086vXvWiEkBFFjhByZNHSmnWLhh+Qhh8wsjdcVlMMp jc/Z8vdC7yEFEhGVnRkQ/1FbjqOFnVlAeVTWsjrOgF+8d/m5NW3qfAX9UvzlolT+r7wn0wHlnZ6Q1+d8c3uTuOmMb0ypQV0ni3g0NuEbXFBcIuihWDZbCWbYZlWXdhVFlGkOk6pVDOGWOi1C+EzoGedeq ied6JUj9M2yMK8nMXSS9YaCLxIjZvmFg1+VMaTVmDCHVUw7CBDC3JWxigY3AVZqXUIYAoe0c2ZCYF3cNfGQa86y8ZLu+kasYs1SQ07W8rOLCt+rK4cV7RYmwFbBM4UtZI2QBSsdyjLfvIKeeKVJUMwZa 62kXOPL6teNOUo8ZD0E4pNCTa1YDpguhg8SelcmbDpgkMbuGfq0MuKNF2N99dyXTWX+xh4YoAn+Ol3ppkW6nInqd4Nut2SLOJpV/4Uyw/WcjgPnMkDUnQ2AHgncshWfFgbd3iRcVqet4FlvfZOU7AtaL HVtEmvatQtHqZxRvSMugMfkaoOzwvohusqY3ch23KLdIsuZlyvulzXGxH+tRVO7fDdGsaTeNkUPmpLH9GyLAqsIalrxiaVueX81b2F96pG5AZhLog0ZLxo/SyhT5Qi9hJH/zyxviGHtpcvG3N8X74kWa9 Z0/OUTfBB8OBAH+4PDk7lXf3TnGWPOjjQgLVpupTo1kQaLKVjGZCCtQ7QgQd3ll1mmJdtqfnBwfr2D/OcgLWlxBixNKb+OQBFwlILfq5bDWwtIIvQjeDrlA4O0t5aKCxC3c7WSDex8dAFvzB/MAuqKd/ oi4uYOVetlPyy7H3Oh6r+Bl8Of7Sl9zUgDPC9TcNgrWHALaNp5QaVpX33HEKzeFDAmzxOXDKQJTS/BCpapljOGaIlJoeqdpJjjc12omTd42CMowYg+T3IqkZGfASyopEVZFkKB9r9f6uX6VBBZCO5mJoU ZU3A3i+mkC6N66wH80dd/OgCzCwSa6Vwiw7lOmziTIyblRNv03q29u3rz1DLhnbZwMzywC7c537nrL/Sj20zvTfW7ZOQjQctsYloNNGhakKg+3vY9/RHz8xO/kj3pv24tfvsq3Efjy3vyu9hud+R09Sa 5930apee9N4nR68QQ6O1RpYvdIfEyvT7gksZhIkoNCYpkF/3miQ+bKFnTDi1IS7nzQPMX1k9GHjLPULvMqR2C96qj02LuDmdYjfM7W6YkyEO6vx81ddl2XmttTvM+cXDDP0jxB9dCjNMj9nlfEkaSPOT rs714PsrGKwDKdElOoiFqEzSbjq+udnH/+eHXhzd2+nv7vRf3N/8dr/5/0Cf9f7Q+2Pvdq/f+3Pv296j3vPeqBf0/t37341Pbny69d/tj7c3tj+v0Y9uNG1+1+v8bf/+/6XBoMg=</latexit><latexit sha1_base64="VROne6kaoT7X8KbnwVlKq+pl00g=">AAAlW3icnZrdc9vGEcDppE1SN W2ddvrUF7iSOk5ia0THnnba6UykxKHtsSPbFGU3gsTBx4FEhS8eDjTl8/2Tfen0oX9KZ7p3AElg9yRZ1oxJAPu7vb29xd3e0n6RxKXY3f3PjY8+/tnPP/n0s19s/PLzX/36Nze/+O1RmVc8YKMgT3L+2 vdKlsQZG4lYJOx1wZmX+gl75Z99p+Wv5oyXcZ4divOCnaTeJIujOPAEPBrfnLlF6qbeYiz/MZaunydheZ7Cl/SUUu9cESchk+7c48U0VkBMPSEzpU4x+86944yIBsDgciFBT3bu3I7jL5Ua39zc3dk1f w696DcXm73m7/n4i81/uWEeVCnLRJB4ZXnc3y3EifS4iIOEqQ23KlnhBWfehB3DZealrLwTzuOiNJcn0rhJOdsgDJ0o5/AvE455urHtcpaxN0Gepl4WSpenIYu8KhFKFtM5NHL2eOwl7U6kl5Z6jCBMPT EtsUw/tMoCL+FlVCKLRfSXExlnRSVYFtRWRlXiiNzRE+aEMWeBSM7hwgt4DGN2gqnHvUDAtG64YK37UIKH2ULUfpYPYeqgj+8ZeIuzZ2DGXlJMPZ8BoI0CM5Q8eDZUMkjLcyVTBVO64YIXEpZNxFS6Z9 6ZVz9Z+SUM1XH/RLoFzwXY45ZMiPxNHK7wZqq3NvtbSkE/Zwxuj43sRG65fgWhxFki3RJGUYjmU5zDDLo5hKjc7KsthXr1ppxF6vjeicTmMG4euxF4QobQFj7u4eaHZVUoedr2jnOoMPWyrHwlxx3qJaE eW6jHNor0SKmHFuohoX6yULmNInZR6u2SunU5B5EVrrWZO4yUeSTWiLnDSO6Xa8P1DQEKgWyW+hHhBK8YdoF5hkFWQI/6M07yDMmKhXIglIIAFpBSvwSl8Di83lhHZOcizE3s3AS4LjiMlBx2jY+I5UO fQD6BnoKmpxZNqMM8Y1eHqHiTE8jNFmWNdtl/MoiGBqWawrm3ltpVuGwGm4dxUXBmXn9Pr0VK/r2rrOZSs8Qg9lSvDHWDbvdJ4OtlJ2GRcGHhrhImdwNYzHZ3Huhvd1rCGsvk3d2dvr7l8WQqdtAQ+Fr HDmlANBoVrlIOtqRcabn9oYaU1zbkS4tDArtDvnlwDYcE72NHrXHpEOKP2Wo0xx/skNm1PXJiMySwGnL/Woa8l0vuX2rISsftD52Z8tozQyOk9H2rGddxx0rF+3qDmjFb6fjgWZld2wwyKT6bKf05iTPJ ZpVJicnGYhgGlxcRibED0qsECbIMBFmeVakP2Qru2mt1nXmce+e0a2/VtZ3wF3ylxa7CAFrFUtxddBelbJz3lfZVmqJVedEF7hEgYy3grk1FtugSFh1pl/jGEBt1butBpl2nrXmhs3NnDx6QNBFSDLN1 6HB452z2nXrG3ynHQXOS87RhC0iik4Ql7i3T4NbqgUJt4mxetzC5JmSaej/CU12lZrKFN3FcF2dMVSyYo2rM+ZNTZ8qrOO8/0KkPmtko05OfeX5CMnGWxjoBAbMkyXj9aKBlrWPYgCB7iNgjxBNEPCHEM 0Q8I8QLRLwgxCNEPCJEhgjy7sEO4eBDJyJ8RPgWV1/ZTfQcIc8tiNBM2OBEXCANJP30I4YQRpE3gLwhqwBqtyDtzhFBV5Kr+36LiLeEmCBiQgnjo6aq4BN5bAJb55M8lTE5NJjQ1mdFXe2wBPainmudb 3a9gcEUGUoWFD+62qfRa4S8tiCtmLCIBdJgWQYOEXJoQTpOjQgx52t5paSuyujjErWGd/SINrrdZSsgC6zgPSJct6vI0zlqOCcNQ0SEhHiMiMe086vXvWiEkBFFjhByZNHSmnWLhh+Qhh8wsjdcVlMMp jc/Z8vdC7yEFEhGVnRkQ/1FbjqOFnVlAeVTWsjrOgF+8d/m5NW3qfAX9UvzlolT+r7wn0wHlnZ6Q1+d8c3uTuOmMb0ypQV0ni3g0NuEbXFBcIuihWDZbCWbYZlWXdhVFlGkOk6pVDOGWOi1C+EzoGedeq ied6JUj9M2yMK8nMXSS9YaCLxIjZvmFg1+VMaTVmDCHVUw7CBDC3JWxigY3AVZqXUIYAoe0c2ZCYF3cNfGQa86y8ZLu+kasYs1SQ07W8rOLCt+rK4cV7RYmwFbBM4UtZI2QBSsdyjLfvIKeeKVJUMwZa 62kXOPL6teNOUo8ZD0E4pNCTa1YDpguhg8SelcmbDpgkMbuGfq0MuKNF2N99dyXTWX+xh4YoAn+Ol3ppkW6nInqd4Nut2SLOJpV/4Uyw/WcjgPnMkDUnQ2AHgncshWfFgbd3iRcVqet4FlvfZOU7AtaL HVtEmvatQtHqZxRvSMugMfkaoOzwvohusqY3ch23KLdIsuZlyvulzXGxH+tRVO7fDdGsaTeNkUPmpLH9GyLAqsIalrxiaVueX81b2F96pG5AZhLog0ZLxo/SyhT5Qi9hJH/zyxviGHtpcvG3N8X74kWa9 Z0/OUTfBB8OBAH+4PDk7lXf3TnGWPOjjQgLVpupTo1kQaLKVjGZCCtQ7QgQd3ll1mmJdtqfnBwfr2D/OcgLWlxBixNKb+OQBFwlILfq5bDWwtIIvQjeDrlA4O0t5aKCxC3c7WSDex8dAFvzB/MAuqKd/ oi4uYOVetlPyy7H3Oh6r+Bl8Of7Sl9zUgDPC9TcNgrWHALaNp5QaVpX33HEKzeFDAmzxOXDKQJTS/BCpapljOGaIlJoeqdpJjjc12omTd42CMowYg+T3IqkZGfASyopEVZFkKB9r9f6uX6VBBZCO5mJoU ZU3A3i+mkC6N66wH80dd/OgCzCwSa6Vwiw7lOmziTIyblRNv03q29u3rz1DLhnbZwMzywC7c537nrL/Sj20zvTfW7ZOQjQctsYloNNGhakKg+3vY9/RHz8xO/kj3pv24tfvsq3Efjy3vyu9hud+R09Sa 5930apee9N4nR68QQ6O1RpYvdIfEyvT7gksZhIkoNCYpkF/3miQ+bKFnTDi1IS7nzQPMX1k9GHjLPULvMqR2C96qj02LuDmdYjfM7W6YkyEO6vx81ddl2XmttTvM+cXDDP0jxB9dCjNMj9nlfEkaSPOT rs714PsrGKwDKdElOoiFqEzSbjq+udnH/+eHXhzd2+nv7vRf3N/8dr/5/0Cf9f7Q+2Pvdq/f+3Pv296j3vPeqBf0/t37341Pbny69d/tj7c3tj+v0Y9uNG1+1+v8bf/+/6XBoMg=</latexit><latexit sha1_base64="VROne6kaoT7X8KbnwVlKq+pl00g=">AAAlW3icnZrdc9vGEcDppE1SN W2ddvrUF7iSOk5ia0THnnba6UykxKHtsSPbFGU3gsTBx4FEhS8eDjTl8/2Tfen0oX9KZ7p3AElg9yRZ1oxJAPu7vb29xd3e0n6RxKXY3f3PjY8+/tnPP/n0s19s/PLzX/36Nze/+O1RmVc8YKMgT3L+2 vdKlsQZG4lYJOx1wZmX+gl75Z99p+Wv5oyXcZ4divOCnaTeJIujOPAEPBrfnLlF6qbeYiz/MZaunydheZ7Cl/SUUu9cESchk+7c48U0VkBMPSEzpU4x+86944yIBsDgciFBT3bu3I7jL5Ua39zc3dk1f w696DcXm73m7/n4i81/uWEeVCnLRJB4ZXnc3y3EifS4iIOEqQ23KlnhBWfehB3DZealrLwTzuOiNJcn0rhJOdsgDJ0o5/AvE455urHtcpaxN0Gepl4WSpenIYu8KhFKFtM5NHL2eOwl7U6kl5Z6jCBMPT EtsUw/tMoCL+FlVCKLRfSXExlnRSVYFtRWRlXiiNzRE+aEMWeBSM7hwgt4DGN2gqnHvUDAtG64YK37UIKH2ULUfpYPYeqgj+8ZeIuzZ2DGXlJMPZ8BoI0CM5Q8eDZUMkjLcyVTBVO64YIXEpZNxFS6Z9 6ZVz9Z+SUM1XH/RLoFzwXY45ZMiPxNHK7wZqq3NvtbSkE/Zwxuj43sRG65fgWhxFki3RJGUYjmU5zDDLo5hKjc7KsthXr1ppxF6vjeicTmMG4euxF4QobQFj7u4eaHZVUoedr2jnOoMPWyrHwlxx3qJaE eW6jHNor0SKmHFuohoX6yULmNInZR6u2SunU5B5EVrrWZO4yUeSTWiLnDSO6Xa8P1DQEKgWyW+hHhBK8YdoF5hkFWQI/6M07yDMmKhXIglIIAFpBSvwSl8Di83lhHZOcizE3s3AS4LjiMlBx2jY+I5UO fQD6BnoKmpxZNqMM8Y1eHqHiTE8jNFmWNdtl/MoiGBqWawrm3ltpVuGwGm4dxUXBmXn9Pr0VK/r2rrOZSs8Qg9lSvDHWDbvdJ4OtlJ2GRcGHhrhImdwNYzHZ3Huhvd1rCGsvk3d2dvr7l8WQqdtAQ+Fr HDmlANBoVrlIOtqRcabn9oYaU1zbkS4tDArtDvnlwDYcE72NHrXHpEOKP2Wo0xx/skNm1PXJiMySwGnL/Woa8l0vuX2rISsftD52Z8tozQyOk9H2rGddxx0rF+3qDmjFb6fjgWZld2wwyKT6bKf05iTPJ ZpVJicnGYhgGlxcRibED0qsECbIMBFmeVakP2Qru2mt1nXmce+e0a2/VtZ3wF3ylxa7CAFrFUtxddBelbJz3lfZVmqJVedEF7hEgYy3grk1FtugSFh1pl/jGEBt1butBpl2nrXmhs3NnDx6QNBFSDLN1 6HB452z2nXrG3ynHQXOS87RhC0iik4Ql7i3T4NbqgUJt4mxetzC5JmSaej/CU12lZrKFN3FcF2dMVSyYo2rM+ZNTZ8qrOO8/0KkPmtko05OfeX5CMnGWxjoBAbMkyXj9aKBlrWPYgCB7iNgjxBNEPCHEM 0Q8I8QLRLwgxCNEPCJEhgjy7sEO4eBDJyJ8RPgWV1/ZTfQcIc8tiNBM2OBEXCANJP30I4YQRpE3gLwhqwBqtyDtzhFBV5Kr+36LiLeEmCBiQgnjo6aq4BN5bAJb55M8lTE5NJjQ1mdFXe2wBPainmudb 3a9gcEUGUoWFD+62qfRa4S8tiCtmLCIBdJgWQYOEXJoQTpOjQgx52t5paSuyujjErWGd/SINrrdZSsgC6zgPSJct6vI0zlqOCcNQ0SEhHiMiMe086vXvWiEkBFFjhByZNHSmnWLhh+Qhh8wsjdcVlMMp jc/Z8vdC7yEFEhGVnRkQ/1FbjqOFnVlAeVTWsjrOgF+8d/m5NW3qfAX9UvzlolT+r7wn0wHlnZ6Q1+d8c3uTuOmMb0ypQV0ni3g0NuEbXFBcIuihWDZbCWbYZlWXdhVFlGkOk6pVDOGWOi1C+EzoGedeq ied6JUj9M2yMK8nMXSS9YaCLxIjZvmFg1+VMaTVmDCHVUw7CBDC3JWxigY3AVZqXUIYAoe0c2ZCYF3cNfGQa86y8ZLu+kasYs1SQ07W8rOLCt+rK4cV7RYmwFbBM4UtZI2QBSsdyjLfvIKeeKVJUMwZa 62kXOPL6teNOUo8ZD0E4pNCTa1YDpguhg8SelcmbDpgkMbuGfq0MuKNF2N99dyXTWX+xh4YoAn+Ol3ppkW6nInqd4Nut2SLOJpV/4Uyw/WcjgPnMkDUnQ2AHgncshWfFgbd3iRcVqet4FlvfZOU7AtaL HVtEmvatQtHqZxRvSMugMfkaoOzwvohusqY3ch23KLdIsuZlyvulzXGxH+tRVO7fDdGsaTeNkUPmpLH9GyLAqsIalrxiaVueX81b2F96pG5AZhLog0ZLxo/SyhT5Qi9hJH/zyxviGHtpcvG3N8X74kWa9 Z0/OUTfBB8OBAH+4PDk7lXf3TnGWPOjjQgLVpupTo1kQaLKVjGZCCtQ7QgQd3ll1mmJdtqfnBwfr2D/OcgLWlxBixNKb+OQBFwlILfq5bDWwtIIvQjeDrlA4O0t5aKCxC3c7WSDex8dAFvzB/MAuqKd/ oi4uYOVetlPyy7H3Oh6r+Bl8Of7Sl9zUgDPC9TcNgrWHALaNp5QaVpX33HEKzeFDAmzxOXDKQJTS/BCpapljOGaIlJoeqdpJjjc12omTd42CMowYg+T3IqkZGfASyopEVZFkKB9r9f6uX6VBBZCO5mJoU ZU3A3i+mkC6N66wH80dd/OgCzCwSa6Vwiw7lOmziTIyblRNv03q29u3rz1DLhnbZwMzywC7c537nrL/Sj20zvTfW7ZOQjQctsYloNNGhakKg+3vY9/RHz8xO/kj3pv24tfvsq3Efjy3vyu9hud+R09Sa 5930apee9N4nR68QQ6O1RpYvdIfEyvT7gksZhIkoNCYpkF/3miQ+bKFnTDi1IS7nzQPMX1k9GHjLPULvMqR2C96qj02LuDmdYjfM7W6YkyEO6vx81ddl2XmttTvM+cXDDP0jxB9dCjNMj9nlfEkaSPOT rs714PsrGKwDKdElOoiFqEzSbjq+udnH/+eHXhzd2+nv7vRf3N/8dr/5/0Cf9f7Q+2Pvdq/f+3Pv296j3vPeqBf0/t37341Pbny69d/tj7c3tj+v0Y9uNG1+1+v8bf/+/6XBoMg=</latexit>
u(y)
<latexit sha1_base64="bCJHALaClRXSF/5wnwVwerB2DPA=">AAAk+3icnZrrb9vIEcB119fVfS W9j/1C10qRe8SwfAmuaFHg7EsiJ0jOiWU7wZm2wMdSYsWXlktZ9h7/lH4q0AJFv/Yf6bf+N51dUhI5s37FQCSS89vZ2dnh7uwobhaFudja+t9HH//oxz/56c8++fnaL375q1//5t793x7nacE9duSlUcrf u07OojBhRyIUEXufcebEbsTeuZNvlfzdjPE8TJNDcZGx09gZJWEQeo6AR8N794uHtptGfn4Rw5e8KD8b3tvY2tzSfxa96NUXG536783w/sZ/bT/1ipglwoucPD/pbWXiVDpchF7EyjW7yFnmeBNnxE7gMnF iln/pz8Is15enUg+jtB6A0LeClMO/RFj66doDm7OEnXtpHDuJL20e+yxwikiUMhvPoJG1w0MnanYinThX4wFh7IhxjmXqoVHmORHPgxxZLII/nsowyQrBEq+yMigiS6SWcqjlh5x5IrqAC8fjIYzZ8sYOd zwBbl+zwVr7mZS2YHMBn2FyIZ+V8LdmP2XgLc5egxk7UTZ2XAaAMgrMKOX+60EpvTi/KGVcygR48ELEkpEYS3viTJzqydIvvl+e9E6lnfFUgD12zoRIz0N/iYNuN53L7kavW5bQz4TB7YmWncqu7RZh5HM WSTuHUWSi/hQXMIN2CiEkN3plt0S9OmPOgvJk+1RicxjXj+0APCF9aAsf27j5YV5kpTxresc6LDF1kBduKYct6oBQLwzUCxNFeqTUMwP1jFDfG6jURBG7KHW5oNav5yCy/JU2fYeRPA3ECtF3GEndfGW4ui FAJpDNUj0inOAFwy7QzzDIMuhRfYZRmiBZNi8tCCXPgwUkVy9BLhwOrzfWEZi5AHMjMzcCrg0OglIO2sYHxPKBSyCXQK9A0yuDJtRhmrCbQ1ScpwSyk3leoW32rwyioUapJn/mrKRmFTabzhyuXeRN9Ovv qLWolH9pK6u4WC8xiD1TK0PVoN195Llq2YlYIGxYuIuIyS0PFrOtzSfq2x7nsMYy+Whrs6dueTgai000BL7SsUkaEI1ahV2WFrYkX2p5+KGG5Hc25DODQzyzQ756cgeHeLexo9K4cAjxx3Q5mpMPdsj0zh4 5NRniGQ15fCdDbuWSx9castTx8ENnJr/zzNAIyV3XaMZd3LFUcVtvUDOmSx0fPCvTO5tBJsVl01J9jsJEsmmhU1aysWiGweVVRKTtgPQqQoIkAUGSJkXsQraCu3YaXScO584F7dpZdm0m3DlfajGr0IBSs RC3F915Lmvnfa58FcdoVZ63gW0CJKwBPDKpSOZtwqAjbhNfaWKtym0dyLSrtDXNVHZu7cADkiZCiqG3DhUOP1gbPaua8R9Ky0JzkvK4ZjNIoqOIRfa6brC+fFCiNmEyq1roXBMyTbUf4akuYj3ZwhlZto0 zpiIUzCorzPqDVWXKyzjvPVGpD5rZIFGTnzhuRDJxFocqAQGzJMl43aCvZI0jV58gO4jYIcRLRLwkxGtEvCbEW0S8JcQeIvYIkSCCvHuwQ7QJhxAuIlyDq2/sJniDkDcGRCjGr3EizpAGkn66AUMIo8g5IO dkFUDt5qTdBSLoSnJz35eIuCTECBEjSmgfCTgKMs0jeagDW+WTPJYhOTTo0FZnRVWNMAT2vJprlW+2vYHBGBlKFhQ3uNmnwXuEvDcgjZgwiAXSYFgGDhFyaEBaTg0IMeMreVHK8qw6LlFreEuPaKIP2mwB ZIYV3CLCVbuCPJ2hhjPS0EeET4gXiHhBO7953QuOEHJEkWOEHBu0NGbdoOE50vAcIzuDRTVFY2rzs7r2judEpEByZESPTKg7T3XHwbyqLKB8Sgl5VSfAL/5lSl59kwp3Xr00l0yc0feFf687MLRTG/ryjK9 3dxo3temFLi2g82wGh946bLMrgltkDQTLpkvZFMuU6sysMguCsuWUoqzHEAq1diF8CvT0bDFXuuLxnNY7MjVO0yAz/XJmCy8ZayDwItVumhk0uEEejhqBCXdUwaCFDAzIJA9RMNhzslKrEMAUPKKbMxMC7 +C2iYNeVZaNl3bdNWLnK5IaNlnIJoYVPyxvHFcwX5kBWwTOFJWSJkAUrHYow37yDnninSFD0GWuppEzhy+qXjTlyPGQ1BOKjQk2NmAqYNoYPInpXOmwaYMDE7ij69CLijRdjXdXclU1l7sYeKmBl/jpt7qZ EqpyJ6ne9dvdkiziVVv+Csv3V3I4D0zkPik6awC8E1hkKz6sjDu8yjglT5vAol77ZV2wzWixVbeJb2rULh7GYUL0HLUHfkSqOjzNoBuuqozthaxrZ3GXLmZcrbpc1RsR/oURjs3wowrGk3jdFO41pXu0LI sCa0DqmqFOZdatP9nreK+qRbbnp4JIfcazxs8S6kQpQiey1M8TqxtyaDs4qM1xXXlAsl69pqcxG+GD4P6+Otzv75/JR+XQuEft7yvA2DReSFRrIvUW0qH0SMFaBWjfgTvDLjNI86ZU/+BgfPsHaUrAylJi jFgYU/0cgCJhoQU/V636phaQRahG8HVGBwdpbyUUBqFqZ2qkmph46IJfmT/oBVWXb9TFVcyMl42U/LrsfcYHZfUNvhx8Z0rvK0Bo4KlJQ3+loc8No2nkBoWhffscQrN4UMDrPE5cM5AFNLsGyhqmGM4ZoiE mh6pmkmOMzWaiZNzjYIxHNUDye5AVtYz4CGRZLcvIsuT3lfv/XC3TfgmRjeRirFOUFQF7vxhDujSssh7MH7fx4yswvUislMItOpSrsAkTMaxXTrxNq9naNa8/AyUbmGV9Pct9s3CXu62z/lI/tk33Xlu3S 0I27DfEOqLRRPtlHQLt38Oe0h89EzP5Hd2bdsPG7rNbDnt4bGlbvo3lbktOU2uettOrLXrSu02OXiCGRmuFLF7oFomVqfcFlzIIE1BoSFIgt+o1ilzYQidMWJUhNuf1A8zfWD3oO4s9Qu0ypHYL3qqOTfOw Pp1iN8zMbpiRIfar/HzZ13XZeaW1PczZ1cP03WPEH18LM0wP2fV8ThpI/ZOuyvXg+3MYrAUp0TU6iIWoTNJsOry30cP/54deHG9v9rY2e28fb3yzW/9/oE86v+v8vvOw0+t83fmms9d50znqeJ3zzt86/+ j8s1t2/979V/ffFfrxR3WbTzutv+5//g8SCnsf</latexit><latexit sha1_base64="bCJHALaClRXSF/5wnwVwerB2DPA=">AAAk+3icnZrrb9vIEcB119fVfS W9j/1C10qRe8SwfAmuaFHg7EsiJ0jOiWU7wZm2wMdSYsWXlktZ9h7/lH4q0AJFv/Yf6bf+N51dUhI5s37FQCSS89vZ2dnh7uwobhaFudja+t9HH//oxz/56c8++fnaL375q1//5t793x7nacE9duSlUcrf u07OojBhRyIUEXufcebEbsTeuZNvlfzdjPE8TJNDcZGx09gZJWEQeo6AR8N794uHtptGfn4Rw5e8KD8b3tvY2tzSfxa96NUXG536783w/sZ/bT/1ipglwoucPD/pbWXiVDpchF7EyjW7yFnmeBNnxE7gMnF iln/pz8Is15enUg+jtB6A0LeClMO/RFj66doDm7OEnXtpHDuJL20e+yxwikiUMhvPoJG1w0MnanYinThX4wFh7IhxjmXqoVHmORHPgxxZLII/nsowyQrBEq+yMigiS6SWcqjlh5x5IrqAC8fjIYzZ8sYOd zwBbl+zwVr7mZS2YHMBn2FyIZ+V8LdmP2XgLc5egxk7UTZ2XAaAMgrMKOX+60EpvTi/KGVcygR48ELEkpEYS3viTJzqydIvvl+e9E6lnfFUgD12zoRIz0N/iYNuN53L7kavW5bQz4TB7YmWncqu7RZh5HM WSTuHUWSi/hQXMIN2CiEkN3plt0S9OmPOgvJk+1RicxjXj+0APCF9aAsf27j5YV5kpTxresc6LDF1kBduKYct6oBQLwzUCxNFeqTUMwP1jFDfG6jURBG7KHW5oNav5yCy/JU2fYeRPA3ECtF3GEndfGW4ui FAJpDNUj0inOAFwy7QzzDIMuhRfYZRmiBZNi8tCCXPgwUkVy9BLhwOrzfWEZi5AHMjMzcCrg0OglIO2sYHxPKBSyCXQK9A0yuDJtRhmrCbQ1ScpwSyk3leoW32rwyioUapJn/mrKRmFTabzhyuXeRN9Ovv qLWolH9pK6u4WC8xiD1TK0PVoN195Llq2YlYIGxYuIuIyS0PFrOtzSfq2x7nsMYy+Whrs6dueTgai000BL7SsUkaEI1ahV2WFrYkX2p5+KGG5Hc25DODQzyzQ756cgeHeLexo9K4cAjxx3Q5mpMPdsj0zh4 5NRniGQ15fCdDbuWSx9castTx8ENnJr/zzNAIyV3XaMZd3LFUcVtvUDOmSx0fPCvTO5tBJsVl01J9jsJEsmmhU1aysWiGweVVRKTtgPQqQoIkAUGSJkXsQraCu3YaXScO584F7dpZdm0m3DlfajGr0IBSs RC3F915Lmvnfa58FcdoVZ63gW0CJKwBPDKpSOZtwqAjbhNfaWKtym0dyLSrtDXNVHZu7cADkiZCiqG3DhUOP1gbPaua8R9Ky0JzkvK4ZjNIoqOIRfa6brC+fFCiNmEyq1roXBMyTbUf4akuYj3ZwhlZto0 zpiIUzCorzPqDVWXKyzjvPVGpD5rZIFGTnzhuRDJxFocqAQGzJMl43aCvZI0jV58gO4jYIcRLRLwkxGtEvCbEW0S8JcQeIvYIkSCCvHuwQ7QJhxAuIlyDq2/sJniDkDcGRCjGr3EizpAGkn66AUMIo8g5IO dkFUDt5qTdBSLoSnJz35eIuCTECBEjSmgfCTgKMs0jeagDW+WTPJYhOTTo0FZnRVWNMAT2vJprlW+2vYHBGBlKFhQ3uNmnwXuEvDcgjZgwiAXSYFgGDhFyaEBaTg0IMeMreVHK8qw6LlFreEuPaKIP2mwB ZIYV3CLCVbuCPJ2hhjPS0EeET4gXiHhBO7953QuOEHJEkWOEHBu0NGbdoOE50vAcIzuDRTVFY2rzs7r2judEpEByZESPTKg7T3XHwbyqLKB8Sgl5VSfAL/5lSl59kwp3Xr00l0yc0feFf687MLRTG/ryjK9 3dxo3temFLi2g82wGh946bLMrgltkDQTLpkvZFMuU6sysMguCsuWUoqzHEAq1diF8CvT0bDFXuuLxnNY7MjVO0yAz/XJmCy8ZayDwItVumhk0uEEejhqBCXdUwaCFDAzIJA9RMNhzslKrEMAUPKKbMxMC7 +C2iYNeVZaNl3bdNWLnK5IaNlnIJoYVPyxvHFcwX5kBWwTOFJWSJkAUrHYow37yDnninSFD0GWuppEzhy+qXjTlyPGQ1BOKjQk2NmAqYNoYPInpXOmwaYMDE7ij69CLijRdjXdXclU1l7sYeKmBl/jpt7qZ EqpyJ6ne9dvdkiziVVv+Csv3V3I4D0zkPik6awC8E1hkKz6sjDu8yjglT5vAol77ZV2wzWixVbeJb2rULh7GYUL0HLUHfkSqOjzNoBuuqozthaxrZ3GXLmZcrbpc1RsR/oURjs3wowrGk3jdFO41pXu0LI sCa0DqmqFOZdatP9nreK+qRbbnp4JIfcazxs8S6kQpQiey1M8TqxtyaDs4qM1xXXlAsl69pqcxG+GD4P6+Otzv75/JR+XQuEft7yvA2DReSFRrIvUW0qH0SMFaBWjfgTvDLjNI86ZU/+BgfPsHaUrAylJi jFgYU/0cgCJhoQU/V636phaQRahG8HVGBwdpbyUUBqFqZ2qkmph46IJfmT/oBVWXb9TFVcyMl42U/LrsfcYHZfUNvhx8Z0rvK0Bo4KlJQ3+loc8No2nkBoWhffscQrN4UMDrPE5cM5AFNLsGyhqmGM4ZoiE mh6pmkmOMzWaiZNzjYIxHNUDye5AVtYz4CGRZLcvIsuT3lfv/XC3TfgmRjeRirFOUFQF7vxhDujSssh7MH7fx4yswvUislMItOpSrsAkTMaxXTrxNq9naNa8/AyUbmGV9Pct9s3CXu62z/lI/tk33Xlu3S 0I27DfEOqLRRPtlHQLt38Oe0h89EzP5Hd2bdsPG7rNbDnt4bGlbvo3lbktOU2uettOrLXrSu02OXiCGRmuFLF7oFomVqfcFlzIIE1BoSFIgt+o1ilzYQidMWJUhNuf1A8zfWD3oO4s9Qu0ypHYL3qqOTfOw Pp1iN8zMbpiRIfar/HzZ13XZeaW1PczZ1cP03WPEH18LM0wP2fV8ThpI/ZOuyvXg+3MYrAUp0TU6iIWoTNJsOry30cP/54deHG9v9rY2e28fb3yzW/9/oE86v+v8vvOw0+t83fmms9d50znqeJ3zzt86/+ j8s1t2/979V/ffFfrxR3WbTzutv+5//g8SCnsf</latexit><latexit sha1_base64="bCJHALaClRXSF/5wnwVwerB2DPA=">AAAk+3icnZrrb9vIEcB119fVfS W9j/1C10qRe8SwfAmuaFHg7EsiJ0jOiWU7wZm2wMdSYsWXlktZ9h7/lH4q0AJFv/Yf6bf+N51dUhI5s37FQCSS89vZ2dnh7uwobhaFudja+t9HH//oxz/56c8++fnaL375q1//5t793x7nacE9duSlUcrf u07OojBhRyIUEXufcebEbsTeuZNvlfzdjPE8TJNDcZGx09gZJWEQeo6AR8N794uHtptGfn4Rw5e8KD8b3tvY2tzSfxa96NUXG536783w/sZ/bT/1ipglwoucPD/pbWXiVDpchF7EyjW7yFnmeBNnxE7gMnF iln/pz8Is15enUg+jtB6A0LeClMO/RFj66doDm7OEnXtpHDuJL20e+yxwikiUMhvPoJG1w0MnanYinThX4wFh7IhxjmXqoVHmORHPgxxZLII/nsowyQrBEq+yMigiS6SWcqjlh5x5IrqAC8fjIYzZ8sYOd zwBbl+zwVr7mZS2YHMBn2FyIZ+V8LdmP2XgLc5egxk7UTZ2XAaAMgrMKOX+60EpvTi/KGVcygR48ELEkpEYS3viTJzqydIvvl+e9E6lnfFUgD12zoRIz0N/iYNuN53L7kavW5bQz4TB7YmWncqu7RZh5HM WSTuHUWSi/hQXMIN2CiEkN3plt0S9OmPOgvJk+1RicxjXj+0APCF9aAsf27j5YV5kpTxresc6LDF1kBduKYct6oBQLwzUCxNFeqTUMwP1jFDfG6jURBG7KHW5oNav5yCy/JU2fYeRPA3ECtF3GEndfGW4ui FAJpDNUj0inOAFwy7QzzDIMuhRfYZRmiBZNi8tCCXPgwUkVy9BLhwOrzfWEZi5AHMjMzcCrg0OglIO2sYHxPKBSyCXQK9A0yuDJtRhmrCbQ1ScpwSyk3leoW32rwyioUapJn/mrKRmFTabzhyuXeRN9Ovv qLWolH9pK6u4WC8xiD1TK0PVoN195Llq2YlYIGxYuIuIyS0PFrOtzSfq2x7nsMYy+Whrs6dueTgai000BL7SsUkaEI1ahV2WFrYkX2p5+KGG5Hc25DODQzyzQ756cgeHeLexo9K4cAjxx3Q5mpMPdsj0zh4 5NRniGQ15fCdDbuWSx9castTx8ENnJr/zzNAIyV3XaMZd3LFUcVtvUDOmSx0fPCvTO5tBJsVl01J9jsJEsmmhU1aysWiGweVVRKTtgPQqQoIkAUGSJkXsQraCu3YaXScO584F7dpZdm0m3DlfajGr0IBSs RC3F915Lmvnfa58FcdoVZ63gW0CJKwBPDKpSOZtwqAjbhNfaWKtym0dyLSrtDXNVHZu7cADkiZCiqG3DhUOP1gbPaua8R9Ky0JzkvK4ZjNIoqOIRfa6brC+fFCiNmEyq1roXBMyTbUf4akuYj3ZwhlZto0 zpiIUzCorzPqDVWXKyzjvPVGpD5rZIFGTnzhuRDJxFocqAQGzJMl43aCvZI0jV58gO4jYIcRLRLwkxGtEvCbEW0S8JcQeIvYIkSCCvHuwQ7QJhxAuIlyDq2/sJniDkDcGRCjGr3EizpAGkn66AUMIo8g5IO dkFUDt5qTdBSLoSnJz35eIuCTECBEjSmgfCTgKMs0jeagDW+WTPJYhOTTo0FZnRVWNMAT2vJprlW+2vYHBGBlKFhQ3uNmnwXuEvDcgjZgwiAXSYFgGDhFyaEBaTg0IMeMreVHK8qw6LlFreEuPaKIP2mwB ZIYV3CLCVbuCPJ2hhjPS0EeET4gXiHhBO7953QuOEHJEkWOEHBu0NGbdoOE50vAcIzuDRTVFY2rzs7r2judEpEByZESPTKg7T3XHwbyqLKB8Sgl5VSfAL/5lSl59kwp3Xr00l0yc0feFf687MLRTG/ryjK9 3dxo3temFLi2g82wGh946bLMrgltkDQTLpkvZFMuU6sysMguCsuWUoqzHEAq1diF8CvT0bDFXuuLxnNY7MjVO0yAz/XJmCy8ZayDwItVumhk0uEEejhqBCXdUwaCFDAzIJA9RMNhzslKrEMAUPKKbMxMC7 +C2iYNeVZaNl3bdNWLnK5IaNlnIJoYVPyxvHFcwX5kBWwTOFJWSJkAUrHYow37yDnninSFD0GWuppEzhy+qXjTlyPGQ1BOKjQk2NmAqYNoYPInpXOmwaYMDE7ij69CLijRdjXdXclU1l7sYeKmBl/jpt7qZ EqpyJ6ne9dvdkiziVVv+Csv3V3I4D0zkPik6awC8E1hkKz6sjDu8yjglT5vAol77ZV2wzWixVbeJb2rULh7GYUL0HLUHfkSqOjzNoBuuqozthaxrZ3GXLmZcrbpc1RsR/oURjs3wowrGk3jdFO41pXu0LI sCa0DqmqFOZdatP9nreK+qRbbnp4JIfcazxs8S6kQpQiey1M8TqxtyaDs4qM1xXXlAsl69pqcxG+GD4P6+Otzv75/JR+XQuEft7yvA2DReSFRrIvUW0qH0SMFaBWjfgTvDLjNI86ZU/+BgfPsHaUrAylJi jFgYU/0cgCJhoQU/V636phaQRahG8HVGBwdpbyUUBqFqZ2qkmph46IJfmT/oBVWXb9TFVcyMl42U/LrsfcYHZfUNvhx8Z0rvK0Bo4KlJQ3+loc8No2nkBoWhffscQrN4UMDrPE5cM5AFNLsGyhqmGM4ZoiE mh6pmkmOMzWaiZNzjYIxHNUDye5AVtYz4CGRZLcvIsuT3lfv/XC3TfgmRjeRirFOUFQF7vxhDujSssh7MH7fx4yswvUislMItOpSrsAkTMaxXTrxNq9naNa8/AyUbmGV9Pct9s3CXu62z/lI/tk33Xlu3S 0I27DfEOqLRRPtlHQLt38Oe0h89EzP5Hd2bdsPG7rNbDnt4bGlbvo3lbktOU2uettOrLXrSu02OXiCGRmuFLF7oFomVqfcFlzIIE1BoSFIgt+o1ilzYQidMWJUhNuf1A8zfWD3oO4s9Qu0ypHYL3qqOTfOw Pp1iN8zMbpiRIfar/HzZ13XZeaW1PczZ1cP03WPEH18LM0wP2fV8ThpI/ZOuyvXg+3MYrAUp0TU6iIWoTNJsOry30cP/54deHG9v9rY2e28fb3yzW/9/oE86v+v8vvOw0+t83fmms9d50znqeJ3zzt86/+ j8s1t2/979V/ffFfrxR3WbTzutv+5//g8SCnsf</latexit><latexit sha1_base64="bCJHALaClRXSF/5wnwVwerB2DPA=">AAAk+3icnZrrb9vIEcB119fVfS W9j/1C10qRe8SwfAmuaFHg7EsiJ0jOiWU7wZm2wMdSYsWXlktZ9h7/lH4q0AJFv/Yf6bf+N51dUhI5s37FQCSS89vZ2dnh7uwobhaFudja+t9HH//oxz/56c8++fnaL375q1//5t793x7nacE9duSlUcrf u07OojBhRyIUEXufcebEbsTeuZNvlfzdjPE8TJNDcZGx09gZJWEQeo6AR8N794uHtptGfn4Rw5e8KD8b3tvY2tzSfxa96NUXG536783w/sZ/bT/1ipglwoucPD/pbWXiVDpchF7EyjW7yFnmeBNnxE7gMnF iln/pz8Is15enUg+jtB6A0LeClMO/RFj66doDm7OEnXtpHDuJL20e+yxwikiUMhvPoJG1w0MnanYinThX4wFh7IhxjmXqoVHmORHPgxxZLII/nsowyQrBEq+yMigiS6SWcqjlh5x5IrqAC8fjIYzZ8sYOd zwBbl+zwVr7mZS2YHMBn2FyIZ+V8LdmP2XgLc5egxk7UTZ2XAaAMgrMKOX+60EpvTi/KGVcygR48ELEkpEYS3viTJzqydIvvl+e9E6lnfFUgD12zoRIz0N/iYNuN53L7kavW5bQz4TB7YmWncqu7RZh5HM WSTuHUWSi/hQXMIN2CiEkN3plt0S9OmPOgvJk+1RicxjXj+0APCF9aAsf27j5YV5kpTxresc6LDF1kBduKYct6oBQLwzUCxNFeqTUMwP1jFDfG6jURBG7KHW5oNav5yCy/JU2fYeRPA3ECtF3GEndfGW4ui FAJpDNUj0inOAFwy7QzzDIMuhRfYZRmiBZNi8tCCXPgwUkVy9BLhwOrzfWEZi5AHMjMzcCrg0OglIO2sYHxPKBSyCXQK9A0yuDJtRhmrCbQ1ScpwSyk3leoW32rwyioUapJn/mrKRmFTabzhyuXeRN9Ovv qLWolH9pK6u4WC8xiD1TK0PVoN195Llq2YlYIGxYuIuIyS0PFrOtzSfq2x7nsMYy+Whrs6dueTgai000BL7SsUkaEI1ahV2WFrYkX2p5+KGG5Hc25DODQzyzQ756cgeHeLexo9K4cAjxx3Q5mpMPdsj0zh4 5NRniGQ15fCdDbuWSx9castTx8ENnJr/zzNAIyV3XaMZd3LFUcVtvUDOmSx0fPCvTO5tBJsVl01J9jsJEsmmhU1aysWiGweVVRKTtgPQqQoIkAUGSJkXsQraCu3YaXScO584F7dpZdm0m3DlfajGr0IBSs RC3F915Lmvnfa58FcdoVZ63gW0CJKwBPDKpSOZtwqAjbhNfaWKtym0dyLSrtDXNVHZu7cADkiZCiqG3DhUOP1gbPaua8R9Ky0JzkvK4ZjNIoqOIRfa6brC+fFCiNmEyq1roXBMyTbUf4akuYj3ZwhlZto0 zpiIUzCorzPqDVWXKyzjvPVGpD5rZIFGTnzhuRDJxFocqAQGzJMl43aCvZI0jV58gO4jYIcRLRLwkxGtEvCbEW0S8JcQeIvYIkSCCvHuwQ7QJhxAuIlyDq2/sJniDkDcGRCjGr3EizpAGkn66AUMIo8g5IO dkFUDt5qTdBSLoSnJz35eIuCTECBEjSmgfCTgKMs0jeagDW+WTPJYhOTTo0FZnRVWNMAT2vJprlW+2vYHBGBlKFhQ3uNmnwXuEvDcgjZgwiAXSYFgGDhFyaEBaTg0IMeMreVHK8qw6LlFreEuPaKIP2mwB ZIYV3CLCVbuCPJ2hhjPS0EeET4gXiHhBO7953QuOEHJEkWOEHBu0NGbdoOE50vAcIzuDRTVFY2rzs7r2judEpEByZESPTKg7T3XHwbyqLKB8Sgl5VSfAL/5lSl59kwp3Xr00l0yc0feFf687MLRTG/ryjK9 3dxo3temFLi2g82wGh946bLMrgltkDQTLpkvZFMuU6sysMguCsuWUoqzHEAq1diF8CvT0bDFXuuLxnNY7MjVO0yAz/XJmCy8ZayDwItVumhk0uEEejhqBCXdUwaCFDAzIJA9RMNhzslKrEMAUPKKbMxMC7 +C2iYNeVZaNl3bdNWLnK5IaNlnIJoYVPyxvHFcwX5kBWwTOFJWSJkAUrHYow37yDnninSFD0GWuppEzhy+qXjTlyPGQ1BOKjQk2NmAqYNoYPInpXOmwaYMDE7ij69CLijRdjXdXclU1l7sYeKmBl/jpt7qZ EqpyJ6ne9dvdkiziVVv+Csv3V3I4D0zkPik6awC8E1hkKz6sjDu8yjglT5vAol77ZV2wzWixVbeJb2rULh7GYUL0HLUHfkSqOjzNoBuuqozthaxrZ3GXLmZcrbpc1RsR/oURjs3wowrGk3jdFO41pXu0LI sCa0DqmqFOZdatP9nreK+qRbbnp4JIfcazxs8S6kQpQiey1M8TqxtyaDs4qM1xXXlAsl69pqcxG+GD4P6+Otzv75/JR+XQuEft7yvA2DReSFRrIvUW0qH0SMFaBWjfgTvDLjNI86ZU/+BgfPsHaUrAylJi jFgYU/0cgCJhoQU/V636phaQRahG8HVGBwdpbyUUBqFqZ2qkmph46IJfmT/oBVWXb9TFVcyMl42U/LrsfcYHZfUNvhx8Z0rvK0Bo4KlJQ3+loc8No2nkBoWhffscQrN4UMDrPE5cM5AFNLsGyhqmGM4ZoiE mh6pmkmOMzWaiZNzjYIxHNUDye5AVtYz4CGRZLcvIsuT3lfv/XC3TfgmRjeRirFOUFQF7vxhDujSssh7MH7fx4yswvUislMItOpSrsAkTMaxXTrxNq9naNa8/AyUbmGV9Pct9s3CXu62z/lI/tk33Xlu3S 0I27DfEOqLRRPtlHQLt38Oe0h89EzP5Hd2bdsPG7rNbDnt4bGlbvo3lbktOU2uettOrLXrSu02OXiCGRmuFLF7oFomVqfcFlzIIE1BoSFIgt+o1ilzYQidMWJUhNuf1A8zfWD3oO4s9Qu0ypHYL3qqOTfOw Pp1iN8zMbpiRIfar/HzZ13XZeaW1PczZ1cP03WPEH18LM0wP2fV8ThpI/ZOuyvXg+3MYrAUp0TU6iIWoTNJsOry30cP/54deHG9v9rY2e28fb3yzW/9/oE86v+v8vvOw0+t83fmms9d50znqeJ3zzt86/+ j8s1t2/979V/ffFfrxR3WbTzutv+5//g8SCnsf</latexit>
Reference envelope [9]
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U (i)a , leading-order
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(ii), leading-order
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Reference envelope [11]
<latexit sha1_base64="oZMC2NFrdjV2LtZnj2JKHL36XFM=">AAAlCHicnZrdb9vIEcB116+r+5XrP RYo6Fop0ruLYfkStGhR4OxLIidIzollO8GZtsCPpcQTv7RcyrL3+Nan/il9KtACRV/7J/St/01nl5REzqy/IiAWyfnt7OzscHd2FDeLwlxsbf3vgw+/9/0f/PBHH/147Sc//dnPf3Hv418e52nBPXbkpVHK37lOzqI wYUciFBF7l3HmxG7E3rqTr5T87YzxPEyTQ3GRsdPYGSVhEHqOgEfDe7+2BZsLecACxlniMYslMxalGbNOer3TcnhvY2tzS38setGrLzY69ef18OON/9p+6hUxS4QXOXl+0tvKxKl0uAi9iJVrdpGzzPEmzoidwGXix Cz/3J+FWa4vT6UeU2ndB6FvBSmHf4mw9NO1+zYYyc69NI6dxJc2j30WOEUkSpmNZ9DI2uGhEzU7kU6c5xexC8LYEeMcy9RDo8xzIp4HObJYBH84lWGSFQK8VVkZFJElUkt51/JDzjwRXcCF4/EQxmx5Y4c7noA5WLP BWvuplJXPbREmF/JpCZ81+wkDb3H2CszYibKx4zIAlFFgRin3Xw1K6cX5RSnjUibAgxcilozEWNoTZ+JUT5Z+8f3ypHcq7YynAuyxcyZEeh76Sxx0u+lcdjd63bKEfiYMbk+07FR2bbcII5+zSNo5jCIT9V9xATNop xBPcqNXdkvUqzPmLChPtk8lNodx/dgOwBPSh7bwZxs3P8yLrJRnTe9YhyWmDvLCLeWwRR0Q6rmBem6iSI+UemqgnhLqGwOVmihiF6UuF9T69RxElr/Spu8wkqeBWCH6DiOpm68MVzcEyASyWapHhBO8YNgF+hkGWQY 9qr9hlCZIls1LC0LJ82ABydVLkAuHw+uNdQRmLsDcyMyNgGuDg6CUg7bxAbF84BLIJdBL0PTSoAl1mCbs5hAV5ymB7GSeV2ib/ZZBNNQo1eTPnJXUrMJm05nDtYu8iX79HbUWlfLPbWUVF+slBrFnamWoGrS7jzxXL TsRC4QNC3cRMbnlwWK2tflYfdvjHNZYJh9ubfbULQ9HY7GJhsBXOjZJA6JRq7DL0sKW5EstD97XkPzOhvzO4BDP7JAvHt/BId5t7Kg0LhxC/DFdjubkvR0yvbNHTk2GeEZDHt3JkFu55NG1hix1PHjfmcnvPDM0QnL XNZpxF3csVdzWG9SM6VLHe8/K9M5mkElx2bRUf0dhItm00Pkr2Vg0w+DyKiLSdkB6FSFBkoAgSZMidiFbwV07ja4Th3PngnbtLLs2E+6cL7WYVWhAqViI24vuPJe18z5VvopjtCrP28A2ARLWAB6aVCTzNmHQEbeJL zSxVuW2DmTaVdqaZio7t3bgAUkTIcXQW4cKh++sjZ5Vzfh3pWWhOUl5XLMZJNFRxCJ7XTdYXz4oUZswmVUtdK4Jmabaj/BUF7GebOGMLNvGGVMRCmaVFWb91qoy5WWc9x6r1AfNbJCoyU8cNyKZOItDlYCAWZJkvG7 QVzI3jXx1REkj2SfIDiJ2CPECES8I8QoRrwjxBhFvCLGHiD1CJIgg7x7sEG3CIYSLCNfg6hu7CV4j5LUBEYrxa5yIM6SBpJ9uwBDCKHIOyDlZBVC7OWl3gQi6ktzc9yUiLgkxQsSIEtpHAo6CTPNIHurAVvkkj2VID g06tNVZUZUmDIE9r+Za5Zttb2AwRoaSBcUNbvZp8A4h7wxIIyYMYoE0GJaBQ4QcGpCWUwNCzPhKXpSyPKuOS9Qa3tIjmuj9NlsAmWEFt4hw1a4gT2eo4Yw09BHhE+I5Ip7Tzm9e94IjhBxR5BghxwYtjVk3aHiGNDz DyM5gUU3RmNr8rK694zkRKZAcGdEjE+rOU91xMK8qCyifUkJe1Qnwi3+ZklffpMKdVy/NJRNn9H3h3+gODO3Uhr484+vdncZNbXqhSwvoPJvBobcO2+yK4BZZA8Gy6VI2xTKlOjOrzIKgbDmlKOsxhEKtXQifAj09W 8yVrng8o/WOTI3TNMhMv5zZwkvGGgi8SLWbZgYNbpCHo0Zgwh1VMGghAwMyyUMUDPacrNQqBDAFj+jmzITAO7ht4qBXlWXjpV13jdj5iqSGTRayiWHFD8sbxxXMV2bAFoEzRaWkCRAFqx3KsJ+8RZ54a8gQdJmraeT M4YuqF005cjwk9YRiY4KNDZgKmDYGT2I6Vzps2uDABO7oOvSiIk1X492VXFXN5S4GXmjgBX76lW6mhKrcSap3/Xa3JIt42Za/xPL9lRzOAxO5T4rOGgDvBBbZig8r4w6vMk7J0yawqNd+XhdsM1ps1W3imxq1i4dxm BA9R+2BH5GqDk8z6IarKmN7IevaWdylixlXqy5X9UaEf2aEYzP8sILxJF43hXtN6R4ty6LAGpC6ZqhTmXXrj/Y63qtqke35qSBSn/Gs8bOEOlGK0Iks9fPE6oYc2g4OanNcVx6QrFev6WnMRvgguL+vDvf7+2fyYTk 07lH7+wowNo0XEtWaSL2FdCg9UrBWAdp34M6wywzSvCnVPzgY3/5BmhKwspQYIxbGVD8HoEhYaMHPVau+qQVkEaoRfJ3RwUHaWwmFQajamRqpJiYeuuBX5g96QdXlG3VxFTPjZSMlvy57n/FBWX2DLwdfm9L7ChAae GLS0F9p6HPDaBq5QWFo3z6H0CweFPA6jxPXDGQBza6BsoYphnOGaIjJoaqZ5Bhjs5koGfc4GONRDZD8HmRFLSM+AllWyzKyLPl95f4/Vcu0X0JkI7kY6xRlRcDeL8aQLg2rrAfzx238+ApMLxIrpXCLDuUqbMJEDOu VE2/TarZ2zevPQMkGZllfz3LfLNzlbuusv9SPbdO919btkpAN+w2xjmg00X5Zh0D797An9EfPxEx+Tfem3bCx++yWwx4eW9qWb2O525LT1Jqn7fRqi570bpOjF4ih0Vohixe6RWJl6n3BpQzCBBQakhTIrXqNIhe20 AkTVmWIzXn9APM3Vg/6zmKPULsMqd2Ct6pj0zysT6fYDTOzG2ZkiP0qP1/2dV12XmltD3N29TB99xjxx9fCDNNDdj2fkwZS/6Srcj34/hQGa0FKdI0OYiEqkzSbDu9t9PD/+aEXx9ubPbh+82jjy936/wN91PlV5ze dB51e5/edLzt7ndedo47X+Uvnb51/dP7Z/Wv3791/df9doR9+ULf5pNP6dP/zf7hjgDc=</latexit><latexit sha1_base64="oZMC2NFrdjV2LtZnj2JKHL36XFM=">AAAlCHicnZrdb9vIEcB116+r+5XrP RYo6Fop0ruLYfkStGhR4OxLIidIzollO8GZtsCPpcQTv7RcyrL3+Nan/il9KtACRV/7J/St/01nl5REzqy/IiAWyfnt7OzscHd2FDeLwlxsbf3vgw+/9/0f/PBHH/147Sc//dnPf3Hv418e52nBPXbkpVHK37lOzqI wYUciFBF7l3HmxG7E3rqTr5T87YzxPEyTQ3GRsdPYGSVhEHqOgEfDe7+2BZsLecACxlniMYslMxalGbNOer3TcnhvY2tzS38setGrLzY69ef18OON/9p+6hUxS4QXOXl+0tvKxKl0uAi9iJVrdpGzzPEmzoidwGXix Cz/3J+FWa4vT6UeU2ndB6FvBSmHf4mw9NO1+zYYyc69NI6dxJc2j30WOEUkSpmNZ9DI2uGhEzU7kU6c5xexC8LYEeMcy9RDo8xzIp4HObJYBH84lWGSFQK8VVkZFJElUkt51/JDzjwRXcCF4/EQxmx5Y4c7noA5WLP BWvuplJXPbREmF/JpCZ81+wkDb3H2CszYibKx4zIAlFFgRin3Xw1K6cX5RSnjUibAgxcilozEWNoTZ+JUT5Z+8f3ypHcq7YynAuyxcyZEeh76Sxx0u+lcdjd63bKEfiYMbk+07FR2bbcII5+zSNo5jCIT9V9xATNop xBPcqNXdkvUqzPmLChPtk8lNodx/dgOwBPSh7bwZxs3P8yLrJRnTe9YhyWmDvLCLeWwRR0Q6rmBem6iSI+UemqgnhLqGwOVmihiF6UuF9T69RxElr/Spu8wkqeBWCH6DiOpm68MVzcEyASyWapHhBO8YNgF+hkGWQY 9qr9hlCZIls1LC0LJ82ABydVLkAuHw+uNdQRmLsDcyMyNgGuDg6CUg7bxAbF84BLIJdBL0PTSoAl1mCbs5hAV5ymB7GSeV2ib/ZZBNNQo1eTPnJXUrMJm05nDtYu8iX79HbUWlfLPbWUVF+slBrFnamWoGrS7jzxXL TsRC4QNC3cRMbnlwWK2tflYfdvjHNZYJh9ubfbULQ9HY7GJhsBXOjZJA6JRq7DL0sKW5EstD97XkPzOhvzO4BDP7JAvHt/BId5t7Kg0LhxC/DFdjubkvR0yvbNHTk2GeEZDHt3JkFu55NG1hix1PHjfmcnvPDM0QnL XNZpxF3csVdzWG9SM6VLHe8/K9M5mkElx2bRUf0dhItm00Pkr2Vg0w+DyKiLSdkB6FSFBkoAgSZMidiFbwV07ja4Th3PngnbtLLs2E+6cL7WYVWhAqViI24vuPJe18z5VvopjtCrP28A2ARLWAB6aVCTzNmHQEbeJL zSxVuW2DmTaVdqaZio7t3bgAUkTIcXQW4cKh++sjZ5Vzfh3pWWhOUl5XLMZJNFRxCJ7XTdYXz4oUZswmVUtdK4Jmabaj/BUF7GebOGMLNvGGVMRCmaVFWb91qoy5WWc9x6r1AfNbJCoyU8cNyKZOItDlYCAWZJkvG7 QVzI3jXx1REkj2SfIDiJ2CPECES8I8QoRrwjxBhFvCLGHiD1CJIgg7x7sEG3CIYSLCNfg6hu7CV4j5LUBEYrxa5yIM6SBpJ9uwBDCKHIOyDlZBVC7OWl3gQi6ktzc9yUiLgkxQsSIEtpHAo6CTPNIHurAVvkkj2VID g06tNVZUZUmDIE9r+Za5Zttb2AwRoaSBcUNbvZp8A4h7wxIIyYMYoE0GJaBQ4QcGpCWUwNCzPhKXpSyPKuOS9Qa3tIjmuj9NlsAmWEFt4hw1a4gT2eo4Yw09BHhE+I5Ip7Tzm9e94IjhBxR5BghxwYtjVk3aHiGNDz DyM5gUU3RmNr8rK694zkRKZAcGdEjE+rOU91xMK8qCyifUkJe1Qnwi3+ZklffpMKdVy/NJRNn9H3h3+gODO3Uhr484+vdncZNbXqhSwvoPJvBobcO2+yK4BZZA8Gy6VI2xTKlOjOrzIKgbDmlKOsxhEKtXQifAj09W 8yVrng8o/WOTI3TNMhMv5zZwkvGGgi8SLWbZgYNbpCHo0Zgwh1VMGghAwMyyUMUDPacrNQqBDAFj+jmzITAO7ht4qBXlWXjpV13jdj5iqSGTRayiWHFD8sbxxXMV2bAFoEzRaWkCRAFqx3KsJ+8RZ54a8gQdJmraeT M4YuqF005cjwk9YRiY4KNDZgKmDYGT2I6Vzps2uDABO7oOvSiIk1X492VXFXN5S4GXmjgBX76lW6mhKrcSap3/Xa3JIt42Za/xPL9lRzOAxO5T4rOGgDvBBbZig8r4w6vMk7J0yawqNd+XhdsM1ps1W3imxq1i4dxm BA9R+2BH5GqDk8z6IarKmN7IevaWdylixlXqy5X9UaEf2aEYzP8sILxJF43hXtN6R4ty6LAGpC6ZqhTmXXrj/Y63qtqke35qSBSn/Gs8bOEOlGK0Iks9fPE6oYc2g4OanNcVx6QrFev6WnMRvgguL+vDvf7+2fyYTk 07lH7+wowNo0XEtWaSL2FdCg9UrBWAdp34M6wywzSvCnVPzgY3/5BmhKwspQYIxbGVD8HoEhYaMHPVau+qQVkEaoRfJ3RwUHaWwmFQajamRqpJiYeuuBX5g96QdXlG3VxFTPjZSMlvy57n/FBWX2DLwdfm9L7ChAae GLS0F9p6HPDaBq5QWFo3z6H0CweFPA6jxPXDGQBza6BsoYphnOGaIjJoaqZ5Bhjs5koGfc4GONRDZD8HmRFLSM+AllWyzKyLPl95f4/Vcu0X0JkI7kY6xRlRcDeL8aQLg2rrAfzx238+ApMLxIrpXCLDuUqbMJEDOu VE2/TarZ2zevPQMkGZllfz3LfLNzlbuusv9SPbdO919btkpAN+w2xjmg00X5Zh0D797An9EfPxEx+Tfem3bCx++yWwx4eW9qWb2O525LT1Jqn7fRqi570bpOjF4ih0Vohixe6RWJl6n3BpQzCBBQakhTIrXqNIhe20 AkTVmWIzXn9APM3Vg/6zmKPULsMqd2Ct6pj0zysT6fYDTOzG2ZkiP0qP1/2dV12XmltD3N29TB99xjxx9fCDNNDdj2fkwZS/6Srcj34/hQGa0FKdI0OYiEqkzSbDu9t9PD/+aEXx9ubPbh+82jjy936/wN91PlV5ze dB51e5/edLzt7ndedo47X+Uvnb51/dP7Z/Wv3791/df9doR9+ULf5pNP6dP/zf7hjgDc=</latexit><latexit sha1_base64="oZMC2NFrdjV2LtZnj2JKHL36XFM=">AAAlCHicnZrdb9vIEcB116+r+5XrP RYo6Fop0ruLYfkStGhR4OxLIidIzollO8GZtsCPpcQTv7RcyrL3+Nan/il9KtACRV/7J/St/01nl5REzqy/IiAWyfnt7OzscHd2FDeLwlxsbf3vgw+/9/0f/PBHH/147Sc//dnPf3Hv418e52nBPXbkpVHK37lOzqI wYUciFBF7l3HmxG7E3rqTr5T87YzxPEyTQ3GRsdPYGSVhEHqOgEfDe7+2BZsLecACxlniMYslMxalGbNOer3TcnhvY2tzS38setGrLzY69ef18OON/9p+6hUxS4QXOXl+0tvKxKl0uAi9iJVrdpGzzPEmzoidwGXix Cz/3J+FWa4vT6UeU2ndB6FvBSmHf4mw9NO1+zYYyc69NI6dxJc2j30WOEUkSpmNZ9DI2uGhEzU7kU6c5xexC8LYEeMcy9RDo8xzIp4HObJYBH84lWGSFQK8VVkZFJElUkt51/JDzjwRXcCF4/EQxmx5Y4c7noA5WLP BWvuplJXPbREmF/JpCZ81+wkDb3H2CszYibKx4zIAlFFgRin3Xw1K6cX5RSnjUibAgxcilozEWNoTZ+JUT5Z+8f3ypHcq7YynAuyxcyZEeh76Sxx0u+lcdjd63bKEfiYMbk+07FR2bbcII5+zSNo5jCIT9V9xATNop xBPcqNXdkvUqzPmLChPtk8lNodx/dgOwBPSh7bwZxs3P8yLrJRnTe9YhyWmDvLCLeWwRR0Q6rmBem6iSI+UemqgnhLqGwOVmihiF6UuF9T69RxElr/Spu8wkqeBWCH6DiOpm68MVzcEyASyWapHhBO8YNgF+hkGWQY 9qr9hlCZIls1LC0LJ82ABydVLkAuHw+uNdQRmLsDcyMyNgGuDg6CUg7bxAbF84BLIJdBL0PTSoAl1mCbs5hAV5ymB7GSeV2ib/ZZBNNQo1eTPnJXUrMJm05nDtYu8iX79HbUWlfLPbWUVF+slBrFnamWoGrS7jzxXL TsRC4QNC3cRMbnlwWK2tflYfdvjHNZYJh9ubfbULQ9HY7GJhsBXOjZJA6JRq7DL0sKW5EstD97XkPzOhvzO4BDP7JAvHt/BId5t7Kg0LhxC/DFdjubkvR0yvbNHTk2GeEZDHt3JkFu55NG1hix1PHjfmcnvPDM0QnL XNZpxF3csVdzWG9SM6VLHe8/K9M5mkElx2bRUf0dhItm00Pkr2Vg0w+DyKiLSdkB6FSFBkoAgSZMidiFbwV07ja4Th3PngnbtLLs2E+6cL7WYVWhAqViI24vuPJe18z5VvopjtCrP28A2ARLWAB6aVCTzNmHQEbeJL zSxVuW2DmTaVdqaZio7t3bgAUkTIcXQW4cKh++sjZ5Vzfh3pWWhOUl5XLMZJNFRxCJ7XTdYXz4oUZswmVUtdK4Jmabaj/BUF7GebOGMLNvGGVMRCmaVFWb91qoy5WWc9x6r1AfNbJCoyU8cNyKZOItDlYCAWZJkvG7 QVzI3jXx1REkj2SfIDiJ2CPECES8I8QoRrwjxBhFvCLGHiD1CJIgg7x7sEG3CIYSLCNfg6hu7CV4j5LUBEYrxa5yIM6SBpJ9uwBDCKHIOyDlZBVC7OWl3gQi6ktzc9yUiLgkxQsSIEtpHAo6CTPNIHurAVvkkj2VID g06tNVZUZUmDIE9r+Za5Zttb2AwRoaSBcUNbvZp8A4h7wxIIyYMYoE0GJaBQ4QcGpCWUwNCzPhKXpSyPKuOS9Qa3tIjmuj9NlsAmWEFt4hw1a4gT2eo4Yw09BHhE+I5Ip7Tzm9e94IjhBxR5BghxwYtjVk3aHiGNDz DyM5gUU3RmNr8rK694zkRKZAcGdEjE+rOU91xMK8qCyifUkJe1Qnwi3+ZklffpMKdVy/NJRNn9H3h3+gODO3Uhr484+vdncZNbXqhSwvoPJvBobcO2+yK4BZZA8Gy6VI2xTKlOjOrzIKgbDmlKOsxhEKtXQifAj09W 8yVrng8o/WOTI3TNMhMv5zZwkvGGgi8SLWbZgYNbpCHo0Zgwh1VMGghAwMyyUMUDPacrNQqBDAFj+jmzITAO7ht4qBXlWXjpV13jdj5iqSGTRayiWHFD8sbxxXMV2bAFoEzRaWkCRAFqx3KsJ+8RZ54a8gQdJmraeT M4YuqF005cjwk9YRiY4KNDZgKmDYGT2I6Vzps2uDABO7oOvSiIk1X492VXFXN5S4GXmjgBX76lW6mhKrcSap3/Xa3JIt42Za/xPL9lRzOAxO5T4rOGgDvBBbZig8r4w6vMk7J0yawqNd+XhdsM1ps1W3imxq1i4dxm BA9R+2BH5GqDk8z6IarKmN7IevaWdylixlXqy5X9UaEf2aEYzP8sILxJF43hXtN6R4ty6LAGpC6ZqhTmXXrj/Y63qtqke35qSBSn/Gs8bOEOlGK0Iks9fPE6oYc2g4OanNcVx6QrFev6WnMRvgguL+vDvf7+2fyYTk 07lH7+wowNo0XEtWaSL2FdCg9UrBWAdp34M6wywzSvCnVPzgY3/5BmhKwspQYIxbGVD8HoEhYaMHPVau+qQVkEaoRfJ3RwUHaWwmFQajamRqpJiYeuuBX5g96QdXlG3VxFTPjZSMlvy57n/FBWX2DLwdfm9L7ChAae GLS0F9p6HPDaBq5QWFo3z6H0CweFPA6jxPXDGQBza6BsoYphnOGaIjJoaqZ5Bhjs5koGfc4GONRDZD8HmRFLSM+AllWyzKyLPl95f4/Vcu0X0JkI7kY6xRlRcDeL8aQLg2rrAfzx238+ApMLxIrpXCLDuUqbMJEDOu VE2/TarZ2zevPQMkGZllfz3LfLNzlbuusv9SPbdO919btkpAN+w2xjmg00X5Zh0D797An9EfPxEx+Tfem3bCx++yWwx4eW9qWb2O525LT1Jqn7fRqi570bpOjF4ih0Vohixe6RWJl6n3BpQzCBBQakhTIrXqNIhe20 AkTVmWIzXn9APM3Vg/6zmKPULsMqd2Ct6pj0zysT6fYDTOzG2ZkiP0qP1/2dV12XmltD3N29TB99xjxx9fCDNNDdj2fkwZS/6Srcj34/hQGa0FKdI0OYiEqkzSbDu9t9PD/+aEXx9ubPbh+82jjy936/wN91PlV5ze dB51e5/edLzt7ndedo47X+Uvnb51/dP7Z/Wv3791/df9doR9+ULf5pNP6dP/zf7hjgDc=</latexit><latexit sha1_base64="oZMC2NFrdjV2LtZnj2JKHL36XFM=">AAAlCHicnZrdb9vIEcB116+r+5XrP RYo6Fop0ruLYfkStGhR4OxLIidIzollO8GZtsCPpcQTv7RcyrL3+Nan/il9KtACRV/7J/St/01nl5REzqy/IiAWyfnt7OzscHd2FDeLwlxsbf3vgw+/9/0f/PBHH/147Sc//dnPf3Hv418e52nBPXbkpVHK37lOzqI wYUciFBF7l3HmxG7E3rqTr5T87YzxPEyTQ3GRsdPYGSVhEHqOgEfDe7+2BZsLecACxlniMYslMxalGbNOer3TcnhvY2tzS38setGrLzY69ef18OON/9p+6hUxS4QXOXl+0tvKxKl0uAi9iJVrdpGzzPEmzoidwGXix Cz/3J+FWa4vT6UeU2ndB6FvBSmHf4mw9NO1+zYYyc69NI6dxJc2j30WOEUkSpmNZ9DI2uGhEzU7kU6c5xexC8LYEeMcy9RDo8xzIp4HObJYBH84lWGSFQK8VVkZFJElUkt51/JDzjwRXcCF4/EQxmx5Y4c7noA5WLP BWvuplJXPbREmF/JpCZ81+wkDb3H2CszYibKx4zIAlFFgRin3Xw1K6cX5RSnjUibAgxcilozEWNoTZ+JUT5Z+8f3ypHcq7YynAuyxcyZEeh76Sxx0u+lcdjd63bKEfiYMbk+07FR2bbcII5+zSNo5jCIT9V9xATNop xBPcqNXdkvUqzPmLChPtk8lNodx/dgOwBPSh7bwZxs3P8yLrJRnTe9YhyWmDvLCLeWwRR0Q6rmBem6iSI+UemqgnhLqGwOVmihiF6UuF9T69RxElr/Spu8wkqeBWCH6DiOpm68MVzcEyASyWapHhBO8YNgF+hkGWQY 9qr9hlCZIls1LC0LJ82ABydVLkAuHw+uNdQRmLsDcyMyNgGuDg6CUg7bxAbF84BLIJdBL0PTSoAl1mCbs5hAV5ymB7GSeV2ib/ZZBNNQo1eTPnJXUrMJm05nDtYu8iX79HbUWlfLPbWUVF+slBrFnamWoGrS7jzxXL TsRC4QNC3cRMbnlwWK2tflYfdvjHNZYJh9ubfbULQ9HY7GJhsBXOjZJA6JRq7DL0sKW5EstD97XkPzOhvzO4BDP7JAvHt/BId5t7Kg0LhxC/DFdjubkvR0yvbNHTk2GeEZDHt3JkFu55NG1hix1PHjfmcnvPDM0QnL XNZpxF3csVdzWG9SM6VLHe8/K9M5mkElx2bRUf0dhItm00Pkr2Vg0w+DyKiLSdkB6FSFBkoAgSZMidiFbwV07ja4Th3PngnbtLLs2E+6cL7WYVWhAqViI24vuPJe18z5VvopjtCrP28A2ARLWAB6aVCTzNmHQEbeJL zSxVuW2DmTaVdqaZio7t3bgAUkTIcXQW4cKh++sjZ5Vzfh3pWWhOUl5XLMZJNFRxCJ7XTdYXz4oUZswmVUtdK4Jmabaj/BUF7GebOGMLNvGGVMRCmaVFWb91qoy5WWc9x6r1AfNbJCoyU8cNyKZOItDlYCAWZJkvG7 QVzI3jXx1REkj2SfIDiJ2CPECES8I8QoRrwjxBhFvCLGHiD1CJIgg7x7sEG3CIYSLCNfg6hu7CV4j5LUBEYrxa5yIM6SBpJ9uwBDCKHIOyDlZBVC7OWl3gQi6ktzc9yUiLgkxQsSIEtpHAo6CTPNIHurAVvkkj2VID g06tNVZUZUmDIE9r+Za5Zttb2AwRoaSBcUNbvZp8A4h7wxIIyYMYoE0GJaBQ4QcGpCWUwNCzPhKXpSyPKuOS9Qa3tIjmuj9NlsAmWEFt4hw1a4gT2eo4Yw09BHhE+I5Ip7Tzm9e94IjhBxR5BghxwYtjVk3aHiGNDz DyM5gUU3RmNr8rK694zkRKZAcGdEjE+rOU91xMK8qCyifUkJe1Qnwi3+ZklffpMKdVy/NJRNn9H3h3+gODO3Uhr484+vdncZNbXqhSwvoPJvBobcO2+yK4BZZA8Gy6VI2xTKlOjOrzIKgbDmlKOsxhEKtXQifAj09W 8yVrng8o/WOTI3TNMhMv5zZwkvGGgi8SLWbZgYNbpCHo0Zgwh1VMGghAwMyyUMUDPacrNQqBDAFj+jmzITAO7ht4qBXlWXjpV13jdj5iqSGTRayiWHFD8sbxxXMV2bAFoEzRaWkCRAFqx3KsJ+8RZ54a8gQdJmraeT M4YuqF005cjwk9YRiY4KNDZgKmDYGT2I6Vzps2uDABO7oOvSiIk1X492VXFXN5S4GXmjgBX76lW6mhKrcSap3/Xa3JIt42Za/xPL9lRzOAxO5T4rOGgDvBBbZig8r4w6vMk7J0yawqNd+XhdsM1ps1W3imxq1i4dxm BA9R+2BH5GqDk8z6IarKmN7IevaWdylixlXqy5X9UaEf2aEYzP8sILxJF43hXtN6R4ty6LAGpC6ZqhTmXXrj/Y63qtqke35qSBSn/Gs8bOEOlGK0Iks9fPE6oYc2g4OanNcVx6QrFev6WnMRvgguL+vDvf7+2fyYTk 07lH7+wowNo0XEtWaSL2FdCg9UrBWAdp34M6wywzSvCnVPzgY3/5BmhKwspQYIxbGVD8HoEhYaMHPVau+qQVkEaoRfJ3RwUHaWwmFQajamRqpJiYeuuBX5g96QdXlG3VxFTPjZSMlvy57n/FBWX2DLwdfm9L7ChAae GLS0F9p6HPDaBq5QWFo3z6H0CweFPA6jxPXDGQBza6BsoYphnOGaIjJoaqZ5Bhjs5koGfc4GONRDZD8HmRFLSM+AllWyzKyLPl95f4/Vcu0X0JkI7kY6xRlRcDeL8aQLg2rrAfzx238+ApMLxIrpXCLDuUqbMJEDOu VE2/TarZ2zevPQMkGZllfz3LfLNzlbuusv9SPbdO919btkpAN+w2xjmg00X5Zh0D797An9EfPxEx+Tfem3bCx++yWwx4eW9qWb2O525LT1Jqn7fRqi570bpOjF4ih0Vohixe6RWJl6n3BpQzCBBQakhTIrXqNIhe20 AkTVmWIzXn9APM3Vg/6zmKPULsMqd2Ct6pj0zysT6fYDTOzG2ZkiP0qP1/2dV12XmltD3N29TB99xjxx9fCDNNDdj2fkwZS/6Srcj34/hQGa0FKdI0OYiEqkzSbDu9t9PD/+aEXx9ubPbh+82jjy936/wN91PlV5ze dB51e5/edLzt7ndedo47X+Uvnb51/dP7Z/Wv3791/df9doR9+ULf5pNP6dP/zf7hjgDc=</latexit>
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Figure 4. Response of a chessboard-like medium with `1 = `2 = 2, G = (1, 1, 1, 1)
and r = (1, 101, 201, 101) along line y2 − y′2 = 0.5 due to the point source shown in
Fig. 3(a) at frequency ω = 0.1720: (a) asymptotic fields U
(i)
a and U
(ii)
a solving (96)
together with their leading-order (monopole) counterparts, and (b) numerical sim-
ulation of the problem [11] versus “trend” envelope ± 1
2pi
K1(α‖y‖) [11] and enve-
lope ±max |ϕ˜anˆ|U (ii)a due to (92) and (96).
local behaviors of the first eight branches at apex C are uniformly described by the “trivial Apq”
model (116).
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Q=2, rank(Apq)=2: eq. (5.17)
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Q=2, rank(Apq)=0: eq. (5.20)
<latexit sha1_base64="rBjIhb4jVhSTVa1Xi4qCzoVD46I=">AAAlNXicnZrdbxvHEcCZ9Ct Vv5zmsS+nii7sxBZIxUaKBAEixTZt145sUZKN6CTiPvbIK++Le3s05c39UX3q/9GXog8FWqDoa/+Fzu4dybuZlWSZgMW7m9/Ozs7uzc4O7WZRmIte7x8ffPijH//kpz/76Ocbv/jlr379mxsf//Y 4TwvusSMvjVL+2nVyFoUJOxKhiNjrjDMndiP2yp1+q+Sv5oznYZocivOMncbOOAmD0HMEPBrd+JMt2EJoPZIzv5Qv7c2v7c2dO5Z9R4skd5JpeWt3JLNZeVsLe/bml1YlZLNt+6tb97d3erfLcnR jq7fd0x+LXvTri61O/Xkx+njrb7afekXMEuFFTp6f9HuZOJUOF6EXsXLDLnKWOd7UGbMTuEycmOV3/HmY5fryVGrDS+smCH0rSDn8S4Sln27ctDlL2BsvjWMn8aXNY58FThGJUmaTOTSydnnoRM1 OpBPn+XnsgjB2xCTHMvXQKPOciOdBjiwWwR9PZZhkhWCJV1kZFJElUktNheWHnHkiOocLx+MhjNnyJg53PAETtmGDtfZDKStH2yJMzuXDEj4b9gMG3uLsOZixG2UTx2UAKKPAjFLuPx+W0ovz81LG pUyABy9ELBmLibSnztSpnqz84vvlSf9U2hlPBdhj50yI9E3or3DQ7aYL2d3qd8sS+pkyuD3RslPZtd0ijHzOImnnMIpM1H/FOcygncLik1v9sluiXp0JZ0F5snMqsTmM68d2AJ6QPrSFPzu4+WFe ZKU8a3rHOiwxdZAXbilHLeqAUE8M1BMTRXqk1EMD9ZBQ3xuo1EQRuyj1dkltXs7ByvLX2vQdRvI0EGtE32EkdfO14eqGAJlANkv1iHCCFwy7QD/DIMugR/U3jNIEybJFacFS8jwIILl6CXLhcHi9 sY7AzAWYG5u5MXBtcBiUctg2PiCWD10CuQR6BpqeGTShDtOEXb1ExZuUQHayyCu0zf5ZBfsapZr8ubOWmlXYbDZ3uHaRN9Wvv6NiUSm/biuruFiHGMSeqchQNWh3H3muCjsRC4QNgbuImOx5EMx62 /fVtz3JIcYyebe33Ve3PBxPxDYaAl/r2CYNiEatwi5LC1uSr7Tcel9D8msbctvgEM/skM/vX8Mh3rvYUWlcOoT4Y7Yazcl7O2R2bY+cmgzxjIbcu5Yh7+SSe5castJx631nJr/2zNAVkruu0Yzru GOl4l29Qc2YrXS896zMrm0GmRSXzUr1dxwmkKMWOtklG4tmGFxeRETaDkivIiRIEhAkaVLELmQruGun0XXicO6c066dVddmwl3wlRazCg0oFUtxO+guclk771PlqzhGUXnRBnYIkLAGcNekIlm0C YOOuE18romNKrd1INOu0tY0U9m5tQsPSJoIKYbeOtRy+MHa6lvVjP9QWhaak5THNZtBEh1FLLI3dYPN1YMStQmTedVC55qQaar9CE91EevJFs7Ysm2cMRWhYFZZYdYfrCpTXq3z/n2V+qCZDRI1+ YnjRiQTZ3GoEhAwS5KM1w0GSuamka+OKGkkBwTZRcQuIZ4i4ikhniPiOSFeIuIlIR4j4jEhEkSQdw92iDbhEMJFhGtw9ZXdBC8Q8sKACMX4NU7EGdJA0k83YAhhFHkDyBsSBVC7BWl3jggaSa7u+y 0i3hJijIgxJbSPBBwFmeaRPNQLW+WTPJYhOTTopa3OiqqOYVjYi2quVb7Z9gYGY2QoCShucLVPg9cIeW1AGmvCIBZIgyEMHCLk0IC0nBoQYs7X8qKU5Vl1XKLW8JYe0URvttkCyAwreIcVrtoV5O kcNZyThj4ifEI8QcQT2vnVcS84QsgRRY4RcmzQ0ph1g4ZHSMMjjOwOl9UUjanNz+rau54TkQLJkRE9MqHuItUdB4uqsoDyKSXkVZ0Av/hvU/Lqm1S4i+qlecvEGX1f+Pe6A0M7taGvzvh6d6frpj a90KUFdJ7N4NBbL9vsgsUtsgaCZbOVbIZlSnVmVpkFQdlySlHWYwiFil0InwE9O1vOla54PKL1jkyN0zTITL+c2dJLxhoIvEi1m+YGDW6Qh+PGwoQ7qmDYQoYGZJqHaDHYCxKp1RLAFDyimzMTAu/ gtomDXlWWjUO77hqxizVJDZsuZVNDxA/LK8cVLNZmwBaBM0WlpAkQBesdyrCfvEKeeGXIEHSZq2nk3OHLqhdNOXI8JPWEYhOCTQyYWjBtDJ7EdK70smmDQxO4q+vQy4o0jcZ7a7mqmss9DDzVwFP 89FvdTAlVuZNU7wbtbkkW8awtf4bl+2s5nAemcp8UnTUA3gksshUfVsYdXmSckqdNYFmvvVMXbDNabNVt4qsatYuHcZgQPUftgR+Rqg5PM+iGqypjO5B17Szu0mDGVdTlqt6I8M+McGyG71YwnsT LpvBxU/qYlmXRwhqSumaoU5lN60t7E+9Vtcj2/FQQqc941vhZQp0oRehElvp5Yn1DDm0HB7U5risPSNarY3oaszE+CO7vq8P9/v6ZvFuOjHvU/r4CjE3jpUS1JlJvKR1JjxSs1QIdOHBn2GWGad6 U6h8cjG//ME0JWFlKjBFLY6qfA9BKWGrBz1WrgakFZBGqEXyd0cFB2lsJhUGo2pkaqSYmHrrgF+YPOqDq8o26uIiZ87KRkl+Wvc/5sKy+wZfD70zpfQUIDTwwaRisNQy4YTSN3KAwtG+fQ2gWDwp4 nceJSwayhOaXQFnDFMM5QzTE5FDVTHKMa7OZKBn3OBjjUQ2Q/B5kRS0jPgJZVssyEpb8gXL/V1WY9ktY2UguJjpFWROw94sJpEujKuvB/HEbP74A00FirRRu0aFcLZswEaM6cuJtWs3Wnjn+DJVs aJYN9CwPzMI97rbO+iv92Dbde23dHlmy4aAh1isaTbRf1kug/XvYA/qjZ2Imv6N7017Y2H32ylEfjy1ty3ew3G3JaWrN03Z61aMnvXfJ0QvE0NVaIcsXukViZep9waUMwgQUGpEUyK16jSIXttAp E1ZliM15/QDzV1YPBs5yj1C7DKndgreqY9MirE+n2A1zsxvmZIiDKj9f9XVZdl5pbQ9zfvEwffcY8ceXwgzTI3Y5n5MGUv+kq3I9+P4UBmtBSnSJDmIhKpM0m45ubPXx//mhF8c72324fnlv65u9+ v8DfdT5Xef3nVudfueLzjedx50XnaOO1/lL5++df3X+3f1r95/d/3T/W6EfflC3+aTT+nT/93/twZAp</latexit><latexit sha1_base64="rBjIhb4jVhSTVa1Xi4qCzoVD46I=">AAAlNXicnZrdbxvHEcCZ9Ct Vv5zmsS+nii7sxBZIxUaKBAEixTZt145sUZKN6CTiPvbIK++Le3s05c39UX3q/9GXog8FWqDoa/+Fzu4dybuZlWSZgMW7m9/Ozs7uzc4O7WZRmIte7x8ffPijH//kpz/76Ocbv/jlr379mxsf//Y 4TwvusSMvjVL+2nVyFoUJOxKhiNjrjDMndiP2yp1+q+Sv5oznYZocivOMncbOOAmD0HMEPBrd+JMt2EJoPZIzv5Qv7c2v7c2dO5Z9R4skd5JpeWt3JLNZeVsLe/bml1YlZLNt+6tb97d3erfLcnR jq7fd0x+LXvTri61O/Xkx+njrb7afekXMEuFFTp6f9HuZOJUOF6EXsXLDLnKWOd7UGbMTuEycmOV3/HmY5fryVGrDS+smCH0rSDn8S4Sln27ctDlL2BsvjWMn8aXNY58FThGJUmaTOTSydnnoRM1 OpBPn+XnsgjB2xCTHMvXQKPOciOdBjiwWwR9PZZhkhWCJV1kZFJElUktNheWHnHkiOocLx+MhjNnyJg53PAETtmGDtfZDKStH2yJMzuXDEj4b9gMG3uLsOZixG2UTx2UAKKPAjFLuPx+W0ovz81LG pUyABy9ELBmLibSnztSpnqz84vvlSf9U2hlPBdhj50yI9E3or3DQ7aYL2d3qd8sS+pkyuD3RslPZtd0ijHzOImnnMIpM1H/FOcygncLik1v9sluiXp0JZ0F5snMqsTmM68d2AJ6QPrSFPzu4+WFe ZKU8a3rHOiwxdZAXbilHLeqAUE8M1BMTRXqk1EMD9ZBQ3xuo1EQRuyj1dkltXs7ByvLX2vQdRvI0EGtE32EkdfO14eqGAJlANkv1iHCCFwy7QD/DIMugR/U3jNIEybJFacFS8jwIILl6CXLhcHi9 sY7AzAWYG5u5MXBtcBiUctg2PiCWD10CuQR6BpqeGTShDtOEXb1ExZuUQHayyCu0zf5ZBfsapZr8ubOWmlXYbDZ3uHaRN9Wvv6NiUSm/biuruFiHGMSeqchQNWh3H3muCjsRC4QNgbuImOx5EMx62 /fVtz3JIcYyebe33Ve3PBxPxDYaAl/r2CYNiEatwi5LC1uSr7Tcel9D8msbctvgEM/skM/vX8Mh3rvYUWlcOoT4Y7Yazcl7O2R2bY+cmgzxjIbcu5Yh7+SSe5castJx631nJr/2zNAVkruu0Yzru GOl4l29Qc2YrXS896zMrm0GmRSXzUr1dxwmkKMWOtklG4tmGFxeRETaDkivIiRIEhAkaVLELmQruGun0XXicO6c066dVddmwl3wlRazCg0oFUtxO+guclk771PlqzhGUXnRBnYIkLAGcNekIlm0C YOOuE18romNKrd1INOu0tY0U9m5tQsPSJoIKYbeOtRy+MHa6lvVjP9QWhaak5THNZtBEh1FLLI3dYPN1YMStQmTedVC55qQaar9CE91EevJFs7Ysm2cMRWhYFZZYdYfrCpTXq3z/n2V+qCZDRI1+ YnjRiQTZ3GoEhAwS5KM1w0GSuamka+OKGkkBwTZRcQuIZ4i4ikhniPiOSFeIuIlIR4j4jEhEkSQdw92iDbhEMJFhGtw9ZXdBC8Q8sKACMX4NU7EGdJA0k83YAhhFHkDyBsSBVC7BWl3jggaSa7u+y 0i3hJijIgxJbSPBBwFmeaRPNQLW+WTPJYhOTTopa3OiqqOYVjYi2quVb7Z9gYGY2QoCShucLVPg9cIeW1AGmvCIBZIgyEMHCLk0IC0nBoQYs7X8qKU5Vl1XKLW8JYe0URvttkCyAwreIcVrtoV5O kcNZyThj4ifEI8QcQT2vnVcS84QsgRRY4RcmzQ0ph1g4ZHSMMjjOwOl9UUjanNz+rau54TkQLJkRE9MqHuItUdB4uqsoDyKSXkVZ0Av/hvU/Lqm1S4i+qlecvEGX1f+Pe6A0M7taGvzvh6d6frpj a90KUFdJ7N4NBbL9vsgsUtsgaCZbOVbIZlSnVmVpkFQdlySlHWYwiFil0InwE9O1vOla54PKL1jkyN0zTITL+c2dJLxhoIvEi1m+YGDW6Qh+PGwoQ7qmDYQoYGZJqHaDHYCxKp1RLAFDyimzMTAu/ gtomDXlWWjUO77hqxizVJDZsuZVNDxA/LK8cVLNZmwBaBM0WlpAkQBesdyrCfvEKeeGXIEHSZq2nk3OHLqhdNOXI8JPWEYhOCTQyYWjBtDJ7EdK70smmDQxO4q+vQy4o0jcZ7a7mqmss9DDzVwFP 89FvdTAlVuZNU7wbtbkkW8awtf4bl+2s5nAemcp8UnTUA3gksshUfVsYdXmSckqdNYFmvvVMXbDNabNVt4qsatYuHcZgQPUftgR+Rqg5PM+iGqypjO5B17Szu0mDGVdTlqt6I8M+McGyG71YwnsT LpvBxU/qYlmXRwhqSumaoU5lN60t7E+9Vtcj2/FQQqc941vhZQp0oRehElvp5Yn1DDm0HB7U5risPSNarY3oaszE+CO7vq8P9/v6ZvFuOjHvU/r4CjE3jpUS1JlJvKR1JjxSs1QIdOHBn2GWGad6 U6h8cjG//ME0JWFlKjBFLY6qfA9BKWGrBz1WrgakFZBGqEXyd0cFB2lsJhUGo2pkaqSYmHrrgF+YPOqDq8o26uIiZ87KRkl+Wvc/5sKy+wZfD70zpfQUIDTwwaRisNQy4YTSN3KAwtG+fQ2gWDwp4 nceJSwayhOaXQFnDFMM5QzTE5FDVTHKMa7OZKBn3OBjjUQ2Q/B5kRS0jPgJZVssyEpb8gXL/V1WY9ktY2UguJjpFWROw94sJpEujKuvB/HEbP74A00FirRRu0aFcLZswEaM6cuJtWs3Wnjn+DJVs aJYN9CwPzMI97rbO+iv92Dbde23dHlmy4aAh1isaTbRf1kug/XvYA/qjZ2Imv6N7017Y2H32ylEfjy1ty3ew3G3JaWrN03Z61aMnvXfJ0QvE0NVaIcsXukViZep9waUMwgQUGpEUyK16jSIXttAp E1ZliM15/QDzV1YPBs5yj1C7DKndgreqY9MirE+n2A1zsxvmZIiDKj9f9XVZdl5pbQ9zfvEwffcY8ceXwgzTI3Y5n5MGUv+kq3I9+P4UBmtBSnSJDmIhKpM0m45ubPXx//mhF8c72324fnlv65u9+ v8DfdT5Xef3nVudfueLzjedx50XnaOO1/lL5++df3X+3f1r95/d/3T/W6EfflC3+aTT+nT/93/twZAp</latexit><latexit sha1_base64="rBjIhb4jVhSTVa1Xi4qCzoVD46I=">AAAlNXicnZrdbxvHEcCZ9Ct Vv5zmsS+nii7sxBZIxUaKBAEixTZt145sUZKN6CTiPvbIK++Le3s05c39UX3q/9GXog8FWqDoa/+Fzu4dybuZlWSZgMW7m9/Ozs7uzc4O7WZRmIte7x8ffPijH//kpz/76Ocbv/jlr379mxsf//Y 4TwvusSMvjVL+2nVyFoUJOxKhiNjrjDMndiP2yp1+q+Sv5oznYZocivOMncbOOAmD0HMEPBrd+JMt2EJoPZIzv5Qv7c2v7c2dO5Z9R4skd5JpeWt3JLNZeVsLe/bml1YlZLNt+6tb97d3erfLcnR jq7fd0x+LXvTri61O/Xkx+njrb7afekXMEuFFTp6f9HuZOJUOF6EXsXLDLnKWOd7UGbMTuEycmOV3/HmY5fryVGrDS+smCH0rSDn8S4Sln27ctDlL2BsvjWMn8aXNY58FThGJUmaTOTSydnnoRM1 OpBPn+XnsgjB2xCTHMvXQKPOciOdBjiwWwR9PZZhkhWCJV1kZFJElUktNheWHnHkiOocLx+MhjNnyJg53PAETtmGDtfZDKStH2yJMzuXDEj4b9gMG3uLsOZixG2UTx2UAKKPAjFLuPx+W0ovz81LG pUyABy9ELBmLibSnztSpnqz84vvlSf9U2hlPBdhj50yI9E3or3DQ7aYL2d3qd8sS+pkyuD3RslPZtd0ijHzOImnnMIpM1H/FOcygncLik1v9sluiXp0JZ0F5snMqsTmM68d2AJ6QPrSFPzu4+WFe ZKU8a3rHOiwxdZAXbilHLeqAUE8M1BMTRXqk1EMD9ZBQ3xuo1EQRuyj1dkltXs7ByvLX2vQdRvI0EGtE32EkdfO14eqGAJlANkv1iHCCFwy7QD/DIMugR/U3jNIEybJFacFS8jwIILl6CXLhcHi9 sY7AzAWYG5u5MXBtcBiUctg2PiCWD10CuQR6BpqeGTShDtOEXb1ExZuUQHayyCu0zf5ZBfsapZr8ubOWmlXYbDZ3uHaRN9Wvv6NiUSm/biuruFiHGMSeqchQNWh3H3muCjsRC4QNgbuImOx5EMx62 /fVtz3JIcYyebe33Ve3PBxPxDYaAl/r2CYNiEatwi5LC1uSr7Tcel9D8msbctvgEM/skM/vX8Mh3rvYUWlcOoT4Y7Yazcl7O2R2bY+cmgzxjIbcu5Yh7+SSe5castJx631nJr/2zNAVkruu0Yzru GOl4l29Qc2YrXS896zMrm0GmRSXzUr1dxwmkKMWOtklG4tmGFxeRETaDkivIiRIEhAkaVLELmQruGun0XXicO6c066dVddmwl3wlRazCg0oFUtxO+guclk771PlqzhGUXnRBnYIkLAGcNekIlm0C YOOuE18romNKrd1INOu0tY0U9m5tQsPSJoIKYbeOtRy+MHa6lvVjP9QWhaak5THNZtBEh1FLLI3dYPN1YMStQmTedVC55qQaar9CE91EevJFs7Ysm2cMRWhYFZZYdYfrCpTXq3z/n2V+qCZDRI1+ YnjRiQTZ3GoEhAwS5KM1w0GSuamka+OKGkkBwTZRcQuIZ4i4ikhniPiOSFeIuIlIR4j4jEhEkSQdw92iDbhEMJFhGtw9ZXdBC8Q8sKACMX4NU7EGdJA0k83YAhhFHkDyBsSBVC7BWl3jggaSa7u+y 0i3hJijIgxJbSPBBwFmeaRPNQLW+WTPJYhOTTopa3OiqqOYVjYi2quVb7Z9gYGY2QoCShucLVPg9cIeW1AGmvCIBZIgyEMHCLk0IC0nBoQYs7X8qKU5Vl1XKLW8JYe0URvttkCyAwreIcVrtoV5O kcNZyThj4ifEI8QcQT2vnVcS84QsgRRY4RcmzQ0ph1g4ZHSMMjjOwOl9UUjanNz+rau54TkQLJkRE9MqHuItUdB4uqsoDyKSXkVZ0Av/hvU/Lqm1S4i+qlecvEGX1f+Pe6A0M7taGvzvh6d6frpj a90KUFdJ7N4NBbL9vsgsUtsgaCZbOVbIZlSnVmVpkFQdlySlHWYwiFil0InwE9O1vOla54PKL1jkyN0zTITL+c2dJLxhoIvEi1m+YGDW6Qh+PGwoQ7qmDYQoYGZJqHaDHYCxKp1RLAFDyimzMTAu/ gtomDXlWWjUO77hqxizVJDZsuZVNDxA/LK8cVLNZmwBaBM0WlpAkQBesdyrCfvEKeeGXIEHSZq2nk3OHLqhdNOXI8JPWEYhOCTQyYWjBtDJ7EdK70smmDQxO4q+vQy4o0jcZ7a7mqmss9DDzVwFP 89FvdTAlVuZNU7wbtbkkW8awtf4bl+2s5nAemcp8UnTUA3gksshUfVsYdXmSckqdNYFmvvVMXbDNabNVt4qsatYuHcZgQPUftgR+Rqg5PM+iGqypjO5B17Szu0mDGVdTlqt6I8M+McGyG71YwnsT LpvBxU/qYlmXRwhqSumaoU5lN60t7E+9Vtcj2/FQQqc941vhZQp0oRehElvp5Yn1DDm0HB7U5risPSNarY3oaszE+CO7vq8P9/v6ZvFuOjHvU/r4CjE3jpUS1JlJvKR1JjxSs1QIdOHBn2GWGad6 U6h8cjG//ME0JWFlKjBFLY6qfA9BKWGrBz1WrgakFZBGqEXyd0cFB2lsJhUGo2pkaqSYmHrrgF+YPOqDq8o26uIiZ87KRkl+Wvc/5sKy+wZfD70zpfQUIDTwwaRisNQy4YTSN3KAwtG+fQ2gWDwp4 nceJSwayhOaXQFnDFMM5QzTE5FDVTHKMa7OZKBn3OBjjUQ2Q/B5kRS0jPgJZVssyEpb8gXL/V1WY9ktY2UguJjpFWROw94sJpEujKuvB/HEbP74A00FirRRu0aFcLZswEaM6cuJtWs3Wnjn+DJVs aJYN9CwPzMI97rbO+iv92Dbde23dHlmy4aAh1isaTbRf1kug/XvYA/qjZ2Imv6N7017Y2H32ylEfjy1ty3ew3G3JaWrN03Z61aMnvXfJ0QvE0NVaIcsXukViZep9waUMwgQUGpEUyK16jSIXttAp E1ZliM15/QDzV1YPBs5yj1C7DKndgreqY9MirE+n2A1zsxvmZIiDKj9f9XVZdl5pbQ9zfvEwffcY8ceXwgzTI3Y5n5MGUv+kq3I9+P4UBmtBSnSJDmIhKpM0m45ubPXx//mhF8c72324fnlv65u9+ v8DfdT5Xef3nVudfueLzjedx50XnaOO1/lL5++df3X+3f1r95/d/3T/W6EfflC3+aTT+nT/93/twZAp</latexit><latexit sha1_base64="rBjIhb4jVhSTVa1Xi4qCzoVD46I=">AAAlNXicnZrdbxvHEcCZ9Ct Vv5zmsS+nii7sxBZIxUaKBAEixTZt145sUZKN6CTiPvbIK++Le3s05c39UX3q/9GXog8FWqDoa/+Fzu4dybuZlWSZgMW7m9/Ozs7uzc4O7WZRmIte7x8ffPijH//kpz/76Ocbv/jlr379mxsf//Y 4TwvusSMvjVL+2nVyFoUJOxKhiNjrjDMndiP2yp1+q+Sv5oznYZocivOMncbOOAmD0HMEPBrd+JMt2EJoPZIzv5Qv7c2v7c2dO5Z9R4skd5JpeWt3JLNZeVsLe/bml1YlZLNt+6tb97d3erfLcnR jq7fd0x+LXvTri61O/Xkx+njrb7afekXMEuFFTp6f9HuZOJUOF6EXsXLDLnKWOd7UGbMTuEycmOV3/HmY5fryVGrDS+smCH0rSDn8S4Sln27ctDlL2BsvjWMn8aXNY58FThGJUmaTOTSydnnoRM1 OpBPn+XnsgjB2xCTHMvXQKPOciOdBjiwWwR9PZZhkhWCJV1kZFJElUktNheWHnHkiOocLx+MhjNnyJg53PAETtmGDtfZDKStH2yJMzuXDEj4b9gMG3uLsOZixG2UTx2UAKKPAjFLuPx+W0ovz81LG pUyABy9ELBmLibSnztSpnqz84vvlSf9U2hlPBdhj50yI9E3or3DQ7aYL2d3qd8sS+pkyuD3RslPZtd0ijHzOImnnMIpM1H/FOcygncLik1v9sluiXp0JZ0F5snMqsTmM68d2AJ6QPrSFPzu4+WFe ZKU8a3rHOiwxdZAXbilHLeqAUE8M1BMTRXqk1EMD9ZBQ3xuo1EQRuyj1dkltXs7ByvLX2vQdRvI0EGtE32EkdfO14eqGAJlANkv1iHCCFwy7QD/DIMugR/U3jNIEybJFacFS8jwIILl6CXLhcHi9 sY7AzAWYG5u5MXBtcBiUctg2PiCWD10CuQR6BpqeGTShDtOEXb1ExZuUQHayyCu0zf5ZBfsapZr8ubOWmlXYbDZ3uHaRN9Wvv6NiUSm/biuruFiHGMSeqchQNWh3H3muCjsRC4QNgbuImOx5EMx62 /fVtz3JIcYyebe33Ve3PBxPxDYaAl/r2CYNiEatwi5LC1uSr7Tcel9D8msbctvgEM/skM/vX8Mh3rvYUWlcOoT4Y7Yazcl7O2R2bY+cmgzxjIbcu5Yh7+SSe5castJx631nJr/2zNAVkruu0Yzru GOl4l29Qc2YrXS896zMrm0GmRSXzUr1dxwmkKMWOtklG4tmGFxeRETaDkivIiRIEhAkaVLELmQruGun0XXicO6c066dVddmwl3wlRazCg0oFUtxO+guclk771PlqzhGUXnRBnYIkLAGcNekIlm0C YOOuE18romNKrd1INOu0tY0U9m5tQsPSJoIKYbeOtRy+MHa6lvVjP9QWhaak5THNZtBEh1FLLI3dYPN1YMStQmTedVC55qQaar9CE91EevJFs7Ysm2cMRWhYFZZYdYfrCpTXq3z/n2V+qCZDRI1+ YnjRiQTZ3GoEhAwS5KM1w0GSuamka+OKGkkBwTZRcQuIZ4i4ikhniPiOSFeIuIlIR4j4jEhEkSQdw92iDbhEMJFhGtw9ZXdBC8Q8sKACMX4NU7EGdJA0k83YAhhFHkDyBsSBVC7BWl3jggaSa7u+y 0i3hJijIgxJbSPBBwFmeaRPNQLW+WTPJYhOTTopa3OiqqOYVjYi2quVb7Z9gYGY2QoCShucLVPg9cIeW1AGmvCIBZIgyEMHCLk0IC0nBoQYs7X8qKU5Vl1XKLW8JYe0URvttkCyAwreIcVrtoV5O kcNZyThj4ifEI8QcQT2vnVcS84QsgRRY4RcmzQ0ph1g4ZHSMMjjOwOl9UUjanNz+rau54TkQLJkRE9MqHuItUdB4uqsoDyKSXkVZ0Av/hvU/Lqm1S4i+qlecvEGX1f+Pe6A0M7taGvzvh6d6frpj a90KUFdJ7N4NBbL9vsgsUtsgaCZbOVbIZlSnVmVpkFQdlySlHWYwiFil0InwE9O1vOla54PKL1jkyN0zTITL+c2dJLxhoIvEi1m+YGDW6Qh+PGwoQ7qmDYQoYGZJqHaDHYCxKp1RLAFDyimzMTAu/ gtomDXlWWjUO77hqxizVJDZsuZVNDxA/LK8cVLNZmwBaBM0WlpAkQBesdyrCfvEKeeGXIEHSZq2nk3OHLqhdNOXI8JPWEYhOCTQyYWjBtDJ7EdK70smmDQxO4q+vQy4o0jcZ7a7mqmss9DDzVwFP 89FvdTAlVuZNU7wbtbkkW8awtf4bl+2s5nAemcp8UnTUA3gksshUfVsYdXmSckqdNYFmvvVMXbDNabNVt4qsatYuHcZgQPUftgR+Rqg5PM+iGqypjO5B17Szu0mDGVdTlqt6I8M+McGyG71YwnsT LpvBxU/qYlmXRwhqSumaoU5lN60t7E+9Vtcj2/FQQqc941vhZQp0oRehElvp5Yn1DDm0HB7U5risPSNarY3oaszE+CO7vq8P9/v6ZvFuOjHvU/r4CjE3jpUS1JlJvKR1JjxSs1QIdOHBn2GWGad6 U6h8cjG//ME0JWFlKjBFLY6qfA9BKWGrBz1WrgakFZBGqEXyd0cFB2lsJhUGo2pkaqSYmHrrgF+YPOqDq8o26uIiZ87KRkl+Wvc/5sKy+wZfD70zpfQUIDTwwaRisNQy4YTSN3KAwtG+fQ2gWDwp4 nceJSwayhOaXQFnDFMM5QzTE5FDVTHKMa7OZKBn3OBjjUQ2Q/B5kRS0jPgJZVssyEpb8gXL/V1WY9ktY2UguJjpFWROw94sJpEujKuvB/HEbP74A00FirRRu0aFcLZswEaM6cuJtWs3Wnjn+DJVs aJYN9CwPzMI97rbO+iv92Dbde23dHlmy4aAh1isaTbRf1kug/XvYA/qjZ2Imv6N7017Y2H32ylEfjy1ty3ew3G3JaWrN03Z61aMnvXfJ0QvE0NVaIcsXukViZep9waUMwgQUGpEUyK16jSIXttAp E1ZliM15/QDzV1YPBs5yj1C7DKndgreqY9MirE+n2A1zsxvmZIiDKj9f9XVZdl5pbQ9zfvEwffcY8ceXwgzTI3Y5n5MGUv+kq3I9+P4UBmtBSnSJDmIhKpM0m45ubPXx//mhF8c72324fnlv65u9+ v8DfdT5Xef3nVudfueLzjedx50XnaOO1/lL5++df3X+3f1r95/d/3T/W6EfflC3+aTT+nT/93/twZAp</latexit>
Figure 5. Dispersion in a chessboard-like medium with `1 = `2 = 1, G = (1, 4, 1, 4),
and r = (1, 2, 1, 2). Dotted lines plot the “exact” relationships computed numerically
by NGSolve [28], and dashed (resp. continuous) lines track the leading- (resp. second-)
order approximations near apexes A, B and C.
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7.3. Clusters of nearby dispersion branches. To conclude the study, we apply the results from
Section 6 to examine the asymptotics of wave dispersion in situations featuring tightly spaced dis-
persion branches, see the circled regions in Fig. 2 and Fig. 5. Considering first the tetratomic chain
example with Q = 2 nearby eigenvalues at k` = pi, we find that rank(Aγpq) = 2 whereby the “twin
cones” model (143) applies. On the other hand, for the cluster of Q = 3 nearby eigenvalues at
apex A of the chessboard medium, one finds that rank(Aγpq) = 2 and (144) holds, which implies the
“parabola with cones” model (149)–(150). Fig. 6 illustrates the performance of both models, from
which one observes a major improvement in the asymptotic description of closely spaced dispersion
branches. In particular, (143) and (150) are seen to be effective in representing locally the “blunted
cone” shape of the respective dispersion curves. For further insight, the insert in Fig. 6(a) depicts
the evolution of dispersion surfaces due to (143) when the diagonal perturbation, γpqDpq, of A
γ
pq is
artificially reduced to zero. Concerning Fig. 6(b), one may also note from (149)–(150) that the fourth
branch (“parabola”) and the fifth branch (“cone”) do not interact despite touching each other, while
the third and the fifth branch (“cones”) interact despite separation. For completeness, details of
calculation for both cases are provided in Appendix D (electronic supplementary material).
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cluster, (6.20)
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cluster, (6.13)
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Figure 6. Asymptotics of closely spaced dispersion branches: (a) two nearby eigen-
values at apex k` = 1 in the tetratomic chain from Fig. 2, and (b) three nearby
eigenvalues at apex A in the chessboard medium from Fig. 5.
8. Summary
In this work, we establish a general framework for dynamic homogenization of wave motion in Rd,
d > 1, at finite wavenumbers and frequencies. To cater for the nature of the problem, we pursue the
plane-wave expansion approach and we adopt the projection of a Bloch wave onto an eigenfunction
for the unit cell of periodicity – at a fixed wavenumber and frequency – as effective descriptor of wave
motion. In this way we obtain a homogenized field equation (including the source term), for an arbi-
trary dispersion branch, near corners of the “wavenumber quadrants” comprising the first Brillouin
zone. We consider the situations of both (i) isolated, (ii) repeated, and (iii) nearby eigenvalues. The
second-order analysis of isolated eigenvalues demonstrates that the leading correction of the effective
differential operator is O(2). In contrast, the effective source term is found to undergo an O() cor-
rection, which may be important for the development of homogenized Green’s functions for periodic
media. In the case of repeated eigenvalues, the effective description of wave motion reveals three
distinct asymptotic regimes depending on the symmetries of the germane eigenfunction basis. One
of these regimes is shown to describe the so-called Dirac points, i.e. conical contacts between disper-
sion surfaces, that are relevant to the phenomenon of topological insulation. In situations involving
nearby eigenvalues (some of which may be repeated), the leading-order model is found to invariably
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entail a Dirac-like system of equations that generates “blunted” conical dispersion surfaces. We
illustrate the analytical developments by several examples, including the Green’s function near the
edge of a band gap, and clusters of closely spaced dispersion branches. The mathematical framework
established in this work naturally lends itself to the effective analysis of related (e.g. Maxwell or
Navier) field equations and emerging physical phenomena, such as topologically protected states and
topological networks [18,19], that revolve around the gapping of Dirac cones.
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